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SUMMARY 
The primary o b j e c t i v e o f th i s study i s to determine measures o f 
e f fec t iveness for four commonly used inventory p o l i c i e s in which the 
demand and the replenishment lead time are uncontrol led va r i ab le s . The 
secondary o b j e c t i v e i s to develop procedures for ( l ) the s e l e c t i o n o f 
optimal values o f dec i s ion var iab les for a given inventory p o l i c y , (2) 
the study o f the s e n s i t i v i t y o f t o t a l relevant c o s t , and (3) the choosing 
o f the bes t p o l i c y from among the four se lec ted p o l i c i e s . 
The four inventory p o l i c i e s se lec ted for study are refer red to 
as the f ixed c y c l e inventory p o l i c y , the ( s , S ) inventory p o l i c y , the 
var iab le c y c l e inventory p o l i c y , and the combination inventory p o l i c y . 
The l i t e r a tu re search suggests that these four p o l i c i e s are the most 
commonly used ones fo r which t h e o r e t i c a l studies and p r a c t i c a l appl ica­
t i ons have been reported. 
The f ixed c y c l e inventory p o l i c y , the f i r s t p o l i c y studied, re ­
quires that a replenishment order be placed at the beginning o f a c y c l e 
composed o f a f ixed number o f pe r iods . This order i s fo r a quantity 
equal t o the d i f fe rence between the order l e v e l and the beginning s tock 
l e v e l . The ( s , S ) inventory p o l i c y , the second p o l i c y studied, requires 
that the s tock l e v e l be observed at the beginning o f a f ixed number o f 
per iods . An order i s p laced for a quantity equal to the d i f fe rence between 
the order l e v e l and the beginning s tock l e v e l i f the beginning s tock 
l e v e l i s equal to or l e s s than the lower order l e v e l ; otherwise, no 
order i s p laced . The var iab le c y c l e inventory p o l i c y , the th i rd p o l i c y 
x i i i 
studied, requires that a replenishment order be placed at the beginning 
o f the f i r s t per iod in which the s tock l e v e l i s equal to or below the re ­
order po in t . This order i s fo r a quantity equal to the d i f fe rence between 
the order l e v e l and the s tock l e v e l . The combination inventory p o l i c y , 
the fourth and f i na l p o l i c y studied, requires that a replenishment order 
be placed at the beginning o f a cyc le composed o f a f ixed number o f 
per iods and a l so at the beginning o f the f i r s t per iod within a spec i f i ed 
number o f periods in which the sum o f s tock l e v e l and stock on order i s 
equal to or l e s s than the reorder po in t . Both the beginning cyc l e and 
wi th in - the -cyc le replenishment orders are for a quantity equal to the d i f ­
ference between the order l e v e l and the sum o f s tock l e v e l and s tock on order. 
Each o f these se lec ted inventory p o l i c i e s i s ca tegor ized according 
to the provis ion for deal ing with unsat is f ied demands. One condi t ion i s 
subject to the hypothesis that delayed fu l f i l lment o f u n f i l l e d demand 
may be p o s s i b l e ; that i s , back-orders are allowed. The other condi t ion 
i s subject to the hypothesis that a l l demand must be f u l f i l l e d instan­
taneously; that i s , back-orders are not allowed. 
The fol lowing assumptions are used in the study: 1. The s tock 
l e v e l i s in a steady s tate condi t ion . 2 . The items in s tock are o f a 
d i sc re t e nature. 3« Demand for items in s tock i s va r i ab le ; the na­
ture o f and parameters for the demand d i s t r ibu t ion are known, k. The 
replenishment lead time i s va r i ab le ; the nature o f and parameters for 
the replenishment lead time d i s t r ibu t ion are known. 5. The quantity o f 
items in the replenishment order i s i d e n t i c a l with the quantity ordered. 
6 . Demand for items in s tock i s both mutually independent and i d e n t i c a l l y 
d i s t r ibu ted from per iod to per iod and from cyc le to c y c l e . 7 - The 
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replenishment lead time i s both mutually independent and i d e n t i c a l l y 
d i s t r ibu ted from c y c l e to c y c l e . 8. The inventory p o l i c i e s considered 
are independent o f other p o l i c i e s o f the firm such as production p o l i c i e s 
and sales p o l i c i e s . 
The stat ionary p r o b a b i l i t i e s o f the s tock l e v e l at the beginning 
o f the order c y c l e and at the beginning o f each per iod within the c y c l e 
are developed in terms o f c o n t r o l l e d dec i s ion var iables and uncontrol led 
va r i ab l e s . The cond i t iona l p robab i l i t y o f t r ans i t ion from one s tock 
l e v e l at the beginning o f one c y c l e t o any s tock l e v e l at the beginning 
o f the subsequent c y c l e does not depend upon the manner in which the 
s tock l e v e l during the present c y c l e was at tained. Therefore, the b e ­
ginning c y c l e s tock l e v e l i s a Markov chain. The development o f the 
beginning c y c l e s tock l e v e l s tat ionary p r o b a b i l i t i e s requires the deter­
mination o f the s tock l e v e l t r ans i t ion p r o b a b i l i t i e s . These t r ans i t ion 
p r o b a b i l i t i e s are the p r o b a b i l i t i e s that the s tock l e v e l i s equal to a 
s p e c i f i c value at the beginning o f the subsequent c y c l e , given a s p e c i f i c 
value for the s tock l e v e l at the beginning o f the present c y c l e . The 
per iod s tock l e v e l s tat ionary p r o b a b i l i t i e s are developed in terms o f 
the beginning s tock l e v e l Stationary p r o b a b i l i t i e s . These s tock l e v e l 
p r o b a b i l i t i e s are used as the bas i s fo r determining the measures o f 
e f f e c t i v e n e s s . 
The relevant measures o f e f fec t iveness are the p robab i l i t y o f 
one or more shortages, the expected number o f shortages, the expected 
in tens i ty o f the shortages, the expected number o f items in inventory, 
and the expected number o f replenishment orders . The expected in tens i ty 
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o f shortages i s a combined measure which weights the number o f shortages 
by the duration o f the shortages. This measure i s o f importance only 
under the hypothesis o f back-orders allowed. The p robab i l i ty o f one or 
more shortages during an order cyc l e i s determined by dichotomizing the 
pos s ib l e paths by which shortages can occur . Shortages can occur during 
the replenishment lead time, during the remainder o f the c y c l e , or during 
both por t ions o f the order c y c l e . The other measures o f e f fec t iveness 
are determined using the expected value formula. 
The s e l e c t i o n o f values for the dec i s ion var iab les are developed 
for each o f the inventory p o l i c i e s by i t e r a t i ve procedures. These pro­
cedures are developed fo r each o f two c r i t e r i a - - c o s t minimization, given 
that a l l inventory cos t s are known, and a to le ra ted p robab i l i t y o f a 
shortage at a minimal c o s t . This l a t t e r c r i t e r i o n i s appl icable to those 
s i tua t ions in which a l l inventory cos t s except the cos t o f a shortage are 
known. 
A procedure for the study o f the s e n s i t i v i t y o f t o t a l relevant co s t 
i s developed in order to ascertain the e f f e c t s upon t o t a l relevant co s t o f 
( l ) deviat ions in the values o f the dec i s ion var iables from the optimal 
values and (2) errors in the estimation o f the cos t and d i s t r ibu t ion 
parameters. Sens i t iv i ty curves are developed as an aid in comparing ex­
pected t o t a l relevant cos t fo r non-optimal condi t ions with that for o p t i ­
mal cond i t ions . 
A procedure for the s e l e c t i o n o f the bes t inventory p o l i c y from 
among the four p o l i c i e s under study i s developed. This procedure i s based 
upon the fo l lowing f i ve inventory c o s t s : shortage c o s t , carrying c o s t , 
rout ine ordering cos t , spec i a l ordering c o s t , and survei l lance c o s t . 
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The present study extends the analytical developments for four 
commonly used inventory policies. For the fixed cycle inventory policy 
and the (s,S) inventory policy, the present study extends the applica­
bility of analytical developments to include conditions in which the 
replenishment lead time is variable. For the variable cycle inventory 
policy, the present study extends the applicability of analytical 
developments to conditions in which a replenishment order is not neces­
sarily placed when the stock level declines to the reorder point. For 
the combination inventory policy, the present study extends the applica­
bility of analytical developments to include variable demand and variable 
replenishment lead time for the hypothesis that back-orders are allowed. 
In a real inventory situation, there is little reason to expect that 
either the demand or the replenishment lead time are not variable. 
The analytical results reported in the present study add realism 
to models of inventory situations. Deficiencies in these inventory 
models remain. The analytical development for each of the inventory 
policies in the present study requires that the replenishment lead time 
be bounded, with the analytical development for the variable cycle in­
ventory policy requiring, in addition, that the demand during any period 
be bounded. It is likely in real inventory situations that both the de­
mand and the replenishment lead time do, in fact, have an upper bound; 
although such a condition need not occur. 
This research culminates with a conceptual framework in which 
decision procedures may be facilitated. The measures of effectiveness 
are depicted as functions of the decision variables for each of the in­
ventory policies. If and when such a conceptual framework is transformed 
xvii 
to a numerical basis, the results of this research can have engineering 
application. This numerical basis may take the form of charts, as sug­
gested in the present study, in which the analytical expressions for 
the measures of effectiveness are applicable to special theoretical de­
mand and replenishment lead time distributions. These special distribu­




Objectives of Study 
The primary objective of this study is to determine relevant 
measures of effectiveness for four commonly used inventory policies in 
which the demand and the replenishment lead time are uncontrolled vari­
ables. The secondary objective is to develop decision procedures for 
(l) the selection of optimal values of decision variables for a given 
inventory policy, ( 2 ) the study of the sensitivity of total relevant 
cost, and ( 3 ) the choosing of the best policy from among the four se­
lected policies. 
. Importance of the Study of Inventories 
Inventories are necessary in the modern economy in order to ful­
fill at least one of the following three business motives: transactive 
motive, precautionary motive, and speculative motive. These motives may 
be defined in the following manner: 
1. The transactive motive is the desire to synchronize the inflow 
and outflow of goods. 
2. The precautionary motive is the desire for protection against 
uncertainty. 
3. The speculative motive is the desire to profit through changes 
in market conditions. 
The importance of inventories is indicated by the fact that in 1958 
there were 3^-8 billions of dollars invested in inventory items in retail 
2 
a n d w h o l e s a l e b u s i n e s s e s . T h i s f i g u r e r e p r e s e n t s 63«4 p e r c e n t o f g r o s s 
p r i v a t e d o m e s t i c i n v e s t m e n t d u r i n g 1958 (8 , PP° 3 9 9 - ^ H ) » The c o s t s 
t h a t a r e d i r e c t l y a s s o c i a t e d w i t h t h e c o s t o f i n v e n t o r i e s a r e c a r r y i n g 
c o s t s , o r d e r i n g c o s t s o r s e t - u p c o s t s , a n d s h o r t a g e c o s t s . The l i t e r a ­
t u r e s e a r c h r e v e a l e d a h i g h d e g r e e o f v a r i a b i l i t y i n t h e r a t e o f c a r r y i n g 
c o s t , r a n g i n g f r o m 6 t o 35 p e r c e n t o f i n v e n t o r y v a l u e . A p p l y i n g a 
c o m m o n l y - u s e d r a t e o f 25 p e r c e n t o f a v e r a g e i n v e n t o r y i n v e s t m e n t , t h e 
t o t a l c a r r y i n g c o s t i n r e t a i l a n d w h o l e s a l e b u s i n e s s d u r i n g 1958 i s e s t i ­
m a t e d t o h a v e b e e n 8.7 b i l l i o n s o f d o l l a r s . A l t h o u g h t h e l i t e r a t u r e 
s e a r c h r e v e a l e d no p r a c t i c a l p r o c e d u r e f o r m a k i n g a g r o s s e s t i m a t e , i t 
i s l i k e l y t h a t t h e o t h e r t w o i n v e n t o r y c o s t s a r e o f s i g n i f i c a n t m a g n i ­
t u d e s . 
The i n d u s t r i a l e n g i n e e r i s c o n c e r n e d w i t h i n v e n t o r y p r o b l e m s b e ­
c a u s e i n v e n t o r y c o n t r o l i s i m p o r t a n t i n m a n a g e r i a l d e c i s i o n s . To s e r v e 
t h e n e e d s o f management , t h e i n d u s t r i a l e n g i n e e r m u s t d e v e l o p d e c i s i o n 
r u l e s s u c h t h a t t h e d e s i r e d i n v e n t o r y o b j e c t i v e o f t h e f i r m i s l i k e l y t o 
b e a c h i e v e d . The i n d u s t r i a l e n g i n e e r u s u a l l y l i m i t s h i s e f f o r t s t o t h e 
t r a n s a c t i v e m o t i v e a n d t h e p r e c a u t i o n a r y m o t i v e i n t h e d e s i g n o f i n v e n ­
t o r y c o n t r o l s y s t e m s . The s p e c u l a t i v e m o t i v e o r d i n a r i l y i s c o n s i d e r e d 
t o b e a r e s p o n s i b i l i t y o f management p e r s e . The p r e s e n t s t u d y w i l l b e 
c o n c e r n e d w i t h s a t i s f y i n g b o t h t h e t r a n s a c t i v e m o t i v e a n d t h e p r e c a u t i o n a r y 
m o t i v e i n t h e d e v e l o p m e n t o f m e a s u r e s o f e f f e c t i v e n e s s o f f o u r commonly 
u s e d i n v e n t o r y p o l i c i e s . 
S e l e c t e d I n v e n t o r y P o l i c i e s 
The i n v e n t o r y p o l i c i e s s e l e c t e d f o r s t u d y h e r e w i l l b e r e f e r r e d 
t o a s t h e f i x e d c y c l e i n v e n t o r y p o l i c y , t h e ( s , S ) i n v e n t o r y p o l i c y , t h e 
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var iab le c y c l e inventory p o l i c y , and the combination inventory p o l i c y . 
The l i t e r a tu re search to be reported in Chapter I I suggests that these 
par t i cu la r p o l i c i e s are the most commonly used ones for which theore t i ­
c a l studies and p r a c t i c a l appl ica t ions have been reported. Indeed, the 
l i t e r a tu re search d i s c l o s e d no inventory p o l i c i e s d i f f e r ing s i gn i f i c an t l y 
from those se l ec t ed for the present study. 
For purposes o f the mathematical treatment to fo l l ow , i t i s con­
venient t o ca tegor ize each o f the se lec ted inventory p o l i c i e s according 
to two poss ib l e condi t ions fo r dealing with unsa t i s f ied demands. One 
condi t ion i s subject to the hypothesis that delayed fu l f i l lment o f u n f i l l e d 
demands may be p o s s i b l e ; that i s back-orders are al lowed. The other con­
d i t i o n i s subject to the hypothesis that a l l demands must be f u l f i l l e d 
instantaneously; that i s , back-orders are not allowed. 
When back-orders are allowed, any unsa t i s f ied demands are f i l l e d 
( l ) as soon as a subsequent replenishment order i s rece ived or ( 2 ) i f 
the replenishment order i s not large enough to f i l l a l l back-orders , then 
as soon as a s u f f i c i e n t quantity o f items becomes ava i l ab le . Under th i s 
hypothesis , there i s an i n f i n i t e number o f poss ib le values fo r the s tock 
l e v e l , consider ing unsa t i s f ied demands as negative s tock l e v e l . 
When back-orders are not allowed, any unsa t i s f ied demands e i ther 
are l o s t or are s a t i s f i e d through p r i o r i t y shipment. Under th i s hypothesis , 
there i s a f i n i t e number o f poss ib l e values fo r the s tock l e v e l . 
For the purposes o f the present study, a r e s t r i c t i o n w i l l be p laced 
upon the upper l im i t o f the replenishment lead time random var iable fo r 
each o f these four inventory p o l i c i e s . 
Fixed Cycle Inventory Po l i cy 
Figure 1 (page k) i l l u s t r a t e s the f ixed c y c l e inventory p o l i c y . 
The s tock l e v e l i s examined at the beginning o f each order c y c l e . Each 
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order c y c l e i s o f f ixed duration. The stock l e v e l , i , at the beginning 
o f the t "k*1 order c y c l e , c , i s denoted as i , . A replenishment order 
i s p laced fo r a quantity o f items equal to the d i f fe rence between the 
order l e v e l , S, and the beginning stock l e v e l , i^ . 
In analyses o f the f ixed c y c l e inventory p o l i c y , i t usual ly i s 
assumed in the l i t e ra tu re that the demand, or the replenishment lead time, 
or both are constant . However, the present study w i l l t reat the demand 
and the replenishment lead time as random var iables in any p robab i l i t y 
d i s t r i bu t ion . 
The ( s , S ) Inventory P o l i c y 
Figure 2 (page h ) i l l u s t r a t e s the ( s , S ) inventory p o l i c y . The 
s tock l e v e l i s examined at the beginning o f each order c y c l e . Each order 
c y c l e i s o f f ixed duration. A replenishment order i s placed for a quan­
t i t y o f items equal to the d i f ference between the (upper) order l e v e l , S, 
and the beginning s tock l e v e l , i , provided the beginning s tock l e v e l i s 
equal to or l e s s than the lower order l e v e l , s. Cycle 1 in Figure 2 
i l l u s t r a t e s the p lac ing o f a replenishment order . Cycle 2 in Figure 2 
i l l u s t r a t e s the condi t ion when no replenishment order i s p laced because 
the beginning s tock l e v e l , i , i s greater than the lower order l e v e l , s. 
In analyses o f the ( s , S ) inventory p o l i c y , i t usual ly i s assumed 
in the l i t e ra tu re that the demand, or the replenishment lead time, or 
both are constant. The present study w i l l t rea t the demand and the replen­
ishment lead time as random var iab les in any p robab i l i t y d i s t r i bu t i on . 
The Variable Cycle Inventory P o l i c y 
Figure 3 (page 6 ) i l l u s t r a t e s the var iable cyc l e inventory p o l i c y . 
This inventory p o l i c y i s sometimes refer red to as e i ther the f ixed quantity 
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inventory p o l i c y , the economic l o t s ize p o l i c y , or the t r igger rule system. 
This p o l i c y requires that a replenishment order be placed for a f ixed 
quantity o f items equal to the d i f fe rence between the order l e v e l , S, and 
the reorder po in t , RP. Usually, i t i s assumed that s tock l e v e l su rve i l ­
lance i s continuous, that a replenishment order can be placed with the ven­
dor at any time, and that each request i s for exact ly one item. 
The treatment in the present study w i l l remove these assumptions. 
The present study w i l l not assume that the s tock l e v e l i s monitored con­
t inuously, that a replenishment order can be placed at any time, nor that 
each request i s fo r only one item. Without these assumptions, the s tock 
l e v e l may be below the reorder point when the replenishment order i s p laced. 
The replenishment order i s , not f ixed , being equal to or greater than . 
S-RP; and the number o f per iods between the placement o f successive replen­
ishment orders are va r i ab l e . Consequently, a more desc r ip t ive name for 
th i s p o l i c y i s the var iable c y c l e inventory p o l i c y . Also , the present 
study w i l l t reat the demand and the replenishment lead time as random 
variables in any p r o b a b i l i t y d i s tr ibut ion . 
In addi t ion to the r e s t r i c t i o n placed upon the upper l im i t o f the 
replenishment lead time, there w i l l be a r e s t r i c t i o n upon the upper l i m i t 
o f the demand during any pe r iod . The e f f e c t o f these two r e s t r i c t i o n s i s 
t o preclude the placement o f a replenishment order before the previous re ­
plenishment order i s r ece ived . 
The Combination inventory P o l i c y 
Figure 4 (page 6 ) i l l u s t r a t e s the combination inventory p o l i c y . 
The s tock l e v e l i s assumed to be examined continuously within the c y c l e . 
This inventory p o l i c y requires that a replenishment order be placed at 
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THE BEGINNING OF EACH ORDER CYCLE AND ALSO WHENEVER THE SUM OF STOCK 
LEVEL AND STOCK ON ORDER IS EQUAL TO OR LESS THAN THE REORDER POINT, RP. 
AT THE BEGINNING OF EACH OF THE ORDER CYCLES IN FIGURE 4, A REPLENISHMENT 
ORDER IS PLACED FOR A QUANTITY OF ITEMS EQUAL TO THE DIFFERENCE BETWEEN 
THE ORDER LEVEL, S, AND THE BEGINNING STOCK LEVEL, I . CYCLE 1 OF 
FIGURE 4 ILLUSTRATES A WITHIN-THE-CYCLE REPLENISHMENT ORDER THAT IS 
PLACED AND RECEIVED DURING THE SAME CYCLE. CYCLE 3 OF FIGURE 4 ILLUS­
TRATES A REPLENISHMENT ORDER THAT IS PLACED WITHIN-THE-CYCLE AND RECEIVED 
DURING THE NEXT CYCLE, CYCLE 4. 
WITHJJ THE COMBINATION INVENTORY POLICY, IT IS POSSIBLE THAT MANY 
WITHIN-THE-CYCLE REPLENISHMENT ORDERS WILL BE PLACED. CONSEQUENTLY, THE 
COMBINATION INVENTORY POLICY MAY BE PREDOMINATELY A VARIABLE CYCLE INVEN­
TORY POLICY. A JUSTIFICATION FOR ORDERING AT FIXED INTERVALS IS THE CON­
VENIENCE AND ECONOMY OF GROUPING SIMILAR ITEMS FOR ORDERING FROM THE SAME 
VENDOR. 
WITH THE COMBINATION INVENTORY POLICY, IT IS POSSIBLE THAT A WITHIN-
THE-CYCLE REPLENISHMENT ORDER MAY BE PLACED NEAR THE END OF THE ORDERING 
CYCLE. THEREFORE, THE NEXT BEGINNING CYCLE REPLENISHMENT ORDER MAY BE 
PLACED FOR A RELATIVELY SMALL QUANTITY OF ITEMS. THESE REPLENISHMENT ITEMS 
ARE THE ITEMS DEMANDED SINCE THIS LAST WITHIN-THE-CYCLE REPLENISHMENT ORDER 
WAS PLACED (REFER TO CYCLE 3 IN FIGURE 4 ) . 
THE PRESENT STUDY WILL TREAT A COMBINATION INVENTORY POLICY WHICH 
ELIMINATES THE LIMITATIONS CITED ABOVE. THE STOCK LEVEL IS EXAMINED AT 
THE END OF EQUAL-INTERVAL PERIODS WITHIN THE ORDER CYCLE RATHER THAN CON­
TINUOUSLY. A REPLENISHMENT ORDER IS PLACED AT THE BEGINNING OF EACH ORDER 
CIRCLE, AND, AT MOST, .ONE WITHIN-THE-CYLE REPLENISHMENT ORDER IS PLACED . 
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Only during the first specified number of periods will the within-the-
cycle replenishment order he placed. Therefore, the stock level is 
examined at the end of each period, either until a replenishment order 
is placed or until a specified number of periods has occurred. If the 
sum of stock level and stock on order is equal to or below the reorder 
point during the first specified number of periods, a within-the-cycle 
replenishment order will be placed. This within-the-cycle replenish­
ment order is equal to or greater than S-RP. 
Scope of Study 
The present study will be concerned with the analytical deter­
mination of measures of effectiveness under the stochastic processes of 
variable demand and variable replenishment lead time. The inventory 
policies studied will be the fixed cycle, the (s,S), the variable cycle, 
and the combination inventory policies. The effects of unsatisfied de­
mand are considered separately for the hypothesis of back-orders allowed 
and the hypothesis of back-orders not allowed. 
These measures of effectiveness are suitable for the selection of 
values of the decision variables, for the study of the sensitivity of 
total relevant cost, and for the selection of the best relevant inventory 
policy from among these four inventory policies. This analytical formu­
lation is applicable to the firm in which stock items of a discrete na­
ture are ordered from an independent source. The demand for these stock 
items may be either internal or external. 
Assumptions 
The following assumptions will be used throughout the present study: 
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1. The s tock l e v e l i s in a steady state condi t ion . Major changes 
in p o l i c y causing s ign i f i can t changes in the uncontrol led random var iables 
do not occur . The c o n t r o l l e d dec i s ion var iab les , af ter being i n i t i a l l y 
se t , are not a l t e red . 
2 . The items in s tock are o f a d i sc re t e nature. 
3« The demand for items in s tock i s va r i ab le ; the nature o f and 
parameters fo r the demand d i s t r ibu t ion are known. 
k. The replenishment lead time i s var iab le ; the nature o f and 
parameters fo r the replenishment lead time d i s t r ibu t ion are known. 
5. The acceptable items in the replenishment order are i d e n t i c a l 
with the quantity ordered. Receipts o f pa r t i a l orders do not occur . 
6. The demand for items in s tock i s both mutually independent 
and i d e n t i c a l l y d i s t r ibu ted from per iod to per iod and from c y c l e to c y c l e . 
7. The replenishment lead time i s both mutually independent and 
i d e n t i c a l l y d i s t r ibu ted from c y c l e to c y c l e . 
8. The inventory p o l i c i e s considered are independent o f other 
p o l i c i e s o f the firm such as production p o l i c i e s and sales p o l i c i e s . 
Study Terminology 
Various de f in i t i ons are necessary for the development o f mathe­
mat ical models which depic t re la t ionsh ips o f the measures o f e f f e c t i v e ­
ness and dec i s ion var iables in the four inventory p o l i c i e s s tudied. 
The term "period" re fe rs to a time in te rva l , such as a day or a 
week, during which i t i s convenient to group successive demands fo r an 
item. The term "order c y c l e " re fers to one or more per iods , such as a 
month, at the beginning o f which a replenishment order may be p laced . The 
number o f per iods per order c y c l e may be e i ther f ixed or va r i ab l e . 
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REPLENISHMENT ORDERS ARE CONSIDERED TO BE PLACED AND RECEIVED AT 
THE BEGINNING OF PERIODS. THE RECEIPT OF THE ITEMS OF A REPLENISHMENT 
ORDER IN ZERO PERIODS IS POSSIBLE. THIS PROVISION IMPLIES THAT THE ITEMS 
ORDERED MAY BE INSTANTANEOUSLY AVAILABLE. THE DEMAND FOR ITEMS DURING 
ANY ONE PERIOD IS VARIABLE. 
THE STOCK LEVEL AT THE BEGINNING OF A PERIOD, WITHIN AN ORDER CYCLE, 
IS EQUAL TO THE STOCK LEVEL AT THE END OF THE PREVIOUS PERIOD PLUS, IF 
APPLICABLE, THE REPLENISHMENT ORDER RECEIVED AT THE BEGINNING OF THE 
PERIOD. THAT IS, IF A QUANTITY OF ITEMS IS RECEIVED AT THE BEGINNING 
OF A PERIOD, THESE ITEMS ARE CONSIDERED TO BE PART OF THE STOCK LEVEL 
AT THE BEGINNING OF THE PERIOD. THE STOCK LEVEL AT THE END OF A PERIOD 
IS EQUAL TO THE STOCK LEVEL AT THE BEGINNING OF THE PERIOD MINUS THE QUAN­
TITY REMOVED FROM STOCK IN RESPONSE TO THE PERIOD DEMAND. 
STUDY PROCEDURE 
THE PURSUIT OF THE OBJECTIVES OF THIS STUDY UTILIZES A THREE STEP 
METHOD OF PROCEDURE. THE FIRST STEP IS THE DEVELOPMENT OF STOCK LEVEL 
PROBABILITIES FOR THE FOUR SELECTED INVENTORY POLICIES. THIS IS ACCOM­
PLISHED IN CHAPTERS I I I , IV^ V, AND VI. THE SECOND STEP IS THE DETER­
MINATION IN CHAPTER VII OF RELEVANT MEASURES OF EFFECTIVENESS FOR THESE 
INVENTORY POLICIES. THE THIRD STEP IS THE DEVELOPMENT OF DECISION PRO­
CEDURES FOR (L) THE SELECTION OF OPTIMAL VALUES OF DECISION VARIABLES FOR 
A GIVEN INVENTORY POLICY, (2) THE STUDY OF THE SENSITIVITY OF TOTAL RELE­
VANT COSTJ AND (3) THE CHOOSING OF THE BEST POLICY FROM AMONG THE FOUR 
SELECTED POLICIES. THESE PROCEDURES ARE DESCRIBED IN CHAPTER V I I I . 
STEP I : DEVELOPMENT OF STOCK LEVEL PROBABILITIES.--AS A BASIS FOR THE 
DETERMINATION OF MEASURES OF EFFECTIVENESS^ THE STATIONARY (STEADY STATE) 
PROBABILITIES OF THE STOCK LEVEL AT THE BEGINNING OF THE CYCLE AND AT 
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the beginning of each period within the cycle will be developed in terms 
of controlled decision variables and uncontrolled random variables. 
The development of the stationary probabilities requires the deter­
mination of the stock level transition probabilities, which are elements 
of a Markov matrix.* These transition probabilities are the probabilities 
that the stock level is equal to a specific value at the beginning of the 
subsequent cycle, given a specific value for the stock level at the be­
ginning of the present cycle. There are an infinite number of possible 
stock levels if back-orders are allowed. However, there are a finite num­
ber of possible stock levels if back-orders are not allowed. 
*The following statements pertaining to Markov chains are para­
phrased from Parzen (20, pp. 138-139): 
A stochastic process is a Markov chain if the conditional proba­
bility of transition from the present state to any other state does not 
depend upon the arrival path into the present state. Two states commun­
icate if it is possible to go from one state to another state, and vice 
versa. Therefore, if all states in a Markov chain communicate and if a 
state exists with positive probability such that it can remain in the same 
state after one time interval, then the Markov chain is ergodic. However, 
if in a Markov chain it is possible to go from one state to all states 
after a finite number of time intervals, the Markov chain is ergodic. If a 
Markov chain is ergodic, the unconditional probabilities of being in a 
particular state tend to a unique limit after statistical equilibrium 
(steady state) is achieved and are designated as stationary probabilities. 
These stationary probabilities are independent of the initial state of 
the system. 
The previous statements will be considered as related to the four 
selected inventory policies in which the stock level is examined at the 
beginning of each of several discrete time intervals. 
The beginning cycle stock level depends upon the demand random vari­
able, the replenishment lead time random variable, and certain controlled 
decision variables. Random fluctuations in the stock level result from 
fluctuations in the demand random variable and the replenishment lead time 
random variable. The successive values of these random variables are as­
sumed to be independent and identically distributed. Therefore, the con­
ditional probability of transition from the present state to any state does 
not depend upon the arrival path into the present state. Hence, the be­
ginning cycle stock level is a Markov chain. For the fixed cycle inventory 
policy, the variable cycle inventory policy, and the combination inventory 
policy, it is possible to go from any stock level to any other stock level 
and to remain at the same stock level after one order cycle. For the (s,S) 
inventory policy, it is possible to go from one stock level to all stock 
levels after two order cycles. Therefore, these Markov chains are ergodic. 
Since the beginning cycle stock level is an ergodic Markov chain, the sta­
tionary probabilities of the beginning stock level exist and are unique. 
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The per iod s tock l e v e l s tat ionary p r o b a b i l i t i e s w i l l be obtained 
in terms o f the beginning stock l e v e l s tat ionary p r o b a b i l i t i e s . Fre­
quent use w i l l be made o f a theorem from p robab i l i t y theory which 
s ta tes that the p r o b a b i l i t i e s corresponding to mutually exclus ive sets 
are add i t ive . Complex sets w i l l be divided in to simpler sets which are 
mutually exc lus ive and exhaustive for ease o f mathematical treatment. 
Step I I : Determination o f relevant measures o f e f fec t iveness . - -The r e l ­
e v a n t measures o f e f fec t iveness are the p robab i l i t y o f one or more 
shortages, the expected number o f shortages, the expected in tens i ty o f 
the shortages, the expected number o f items in inventory, and the expected 
number o f replenishment orders . The expected in tens i ty o f shortages i s 
a combined measure which weights the number o f shortages by the duration 
o f the shortages. This measure i s o f importance only under the hypothesis 
o f back-orders al lowed. The p robab i l i t y o f one or more shortages during 
an order c y c l e i s determined by dichotomizing the pos s ib l e paths by which 
shortages can occur . Shortages can occur during only the replenishment 
lead time, during only the remainder o f the cycle, or during both portions 
of the c y c l e . The other measures o f e f fec t iveness w i l l be determined using 
the expected value formula. 
Step I I I : Development o f procedures for the study o f inventory p o l i c i e s . - -
I t e ra t ive procedures for the s e l e c t i o n o f values o f the dec i s ion var iab les 
w i l l be developed for each o f the inventory p o l i c i e s . These procedures 
w i l l be developed fo r each o f two c r i t e r i a . The f i r s t c r i t e r i o n i s c o s t 
minimization, given that a l l inventory cos t s are known. The second c r i t e r ­
ion i s that a to le ra ted p robab i l i t y o f a shortage must be obtained at a 
minimal c o s t . This l a t t e r c r i t e r i o n i s appl icable to those.s i tuat ions, in 
which a l l inventory cos t s except the cos t o f a shortage are.known. 
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A PROCEDURE FOR THE STUDY OF THE SENSITIVITY OF TOTAL RELEVANT 
COST WILL BE DEVELOPED IN ORDER TO ASCERTAIN THE EFFECTS UPON TOTAL REL­
EVANT COST OF (L) DEVIATIONS IN VALUES OF THE DECISION VARIABLES FROM 
THE OPTIMAL VALUES AND (2) ERRORS IN THE ESTIMATION OF COST AND DISTRI­
BUTION PARAMETERS. SENSITIVITY CURVES WILL BE DEVELOPED AS AN AID IN 
COMPARING EXPECTED TOTAL RELEVANT COST FOR NON-OPTIMAL CONDITIONS WITH 
THE EXPECTED TOTAL RELEVANT COST FOR OPTIMAL CONDITIONS. 
A PROCEDURE FOR THE SELECTION OF THE BEST RELEVANT INVENTORY 
POLICY FROM AMONG THE FOUR POLICIES UNDER STUDY WILL BE DEVELOPED. THIS 
PROCEDURE WILL BE BASED UPON THE FOLLOWING FIVE INVENTORY COSTS: SHORTAGE 
COST, CARRYING COST, ROUTINE ORDERING COST, SPECIAL ORDERING COST, AND 
SURVEILLANCE COST. 
LIMITATIONS 
THE ANALYTICAL DEVELOPMENT OF THE MEASURES OF EFFECTIVENESS WILL 
BE FOR THE GENERAL CASE. SOLUTIONS TO THE GENERAL FORMULATIONS WILL BE 
A REQUISITE TO THE APPLICATION OF THESE MODELS TO PARTICULAR SITUATIONS. 
IN PRACTICE, THERE ARE HYBRID INSTANCES IN WHICH SOME OF THE'CUS­
TOMERS" PERMIT BACK-ORDERS WHILE SOME DO NOT. THIS CONDITION WAS CON­
SIDERED TO BE BEYOND THE SCOPE OF THE PRESENT STUDY. 
THE MATHEMATICAL EXPRESSIONS FOR THE MEASURES OF EFFECTIVENESS 
DETERMINED IN THIS STUDY HAVE NOT BEEN VERIFIED FOR ANY REAL SITUATION. 
ALTHOUGH THE ASSUMPTIONS OF THE PRESENT STUDY APPEAR TO BE RATIONAL AND 
APPROPRIATE TO REAL INVENTORY PROBLEMS, THE TESTING OF THE SUFFICIENCY 
OF THESE ASSUMPTIONS HAS NOT BEEN UNDERTAKEN. 
THE OBJECTIVE, SCOPE, LIMITATIONS, AND ASSUMPTIONS OF THIS STUDY 
HAVE BEEN STATED. THE SELECTED INVENTORY POLICIES AND THE PROCEDURE FOR 
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the study of these policies have been described. The literature search, 
reported in Chapter II, will describe those developments in inventory 
control theory relevant to the objectives of this study. 
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CHAPTER II 
PRESENT STATE OF INVENTORY THEORY 
Introduction 
This chapter reviews the development of inventory theory and 
defines the hounds of existing knowledge in inventory control theory 
relevant to the objectives of this study. 
The origins of inventory theory are found as threads in the 
fabric of Frederick Taylor's scientific management movement, which 
provided a broad stimulus to the development of analytic methods for 
improved solutions to management problems. While some time was to 
pass before these threads were drawn together to establish inventory 
theory as a distinct area of investigation, development significant to 
this area occurred as early as 1915 "when F. W. Harris developed and 
applied an economic lot size formula at the Westinghouse Electric and 
Manufacturing Company (21 , pp. 121, 122) . This lot size formula was 
used for the determination of proper lot sizes, taking into account two 
conflicting costs. Attempts were made by F. E. Raymond in 1951 to in­
clude in one formula all factors that might affect economic lot sizes. 
Prior to the paper submitted by Arrow, Harris, and Marschak (l) 
in 1951* most of the formulations in inventory control theory attempted 
to represent the problem with deterministic mathematical models. Subse­
quent to this stochastic treatment of inventory control theory came the 
theoretical papers of Dvoretzky, Kiefer, Wolkowitz ( 5 ) ; ( 6 ) , ( 7 ) and 
others which will be referenced later. 
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Contributors to the l i t e r a tu re usual ly assume that the inventory 
o b j e c t i v e i s cos t minimization. As requ i s i t e s fo r insuring cos t mini­
mization, knowledge o f inventory cos t s i s required; a l so other ob j ec t i ve s 
o f the firm must not be in c o n f l i c t with, or constrain, any o f the inven­
tory d e c i s i o n s . Several authors have studied inventory problems in which 
the above r equ i s i t e s are not s a t i s f i e d . I f the cos t o f a shortage i s not 
known, the arbi t rary s p e c i f i c a t i o n o f a desired p robab i l i t y o f a shortage 
i s sometimes used as a c r i t e r i o n . This arbi t rary s p e c i f i c a t i o n general ly 
w i l l r e su l t in non-optimal d e c i s i o n s . More pressing corporate ob j ec t i ve s 
sometimes require that inventory investment not exceed a par t icu la r va lue . 
The resu l t ing inventory dec i s ion rules general ly w i l l produce non-optimal 
d e c i s i o n s . For the circumstances in which e i ther some o f the inventory 
cos t s are unknown or in which constra ints are placed upon inventory d e c i ­
s ions , authors have suggested methods in which the bes t pos s ib l e inventory 
d e c i s i o n s , subject t o the ex i s t ing condi t ions , can be se l ec t ed . 
The l i t e r a tu re may be ca tegor ized with regard to whether inventor ies 
are con t ro l l ed on an aggregate bas i s or on an item b a s i s . Inventories 
are c o n t r o l l e d on an aggregate bas i s when a t tent ion i s focused upon the 
interdependency o f the items. Inventories are con t ro l l ed on an item bas i s 
when at tent ion i f focused upon each item independent o f other i tems. A 
b r i e f survey o f the s ign i f i can t references which pertain to the c o n t r o l 
o f inventor ies on an aggregate bas i s f o l l o w s . 
Holt, Modigl iani , Muth, and Simon ( l 6 , pp. 181-257) suggest approx­
imation procedures for making inventory dec is ions item b y item, given that 
such dec i s ions are to be compatible with an aggregate cons t ra in t . These 
authors study the f ixed c y c l e inventory p o l i c y and the var iab le c y c l e in­
ventory p o l i c y . The aggregate constra int i s that the t o t a l inventory 
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investment o f a l l products, in terms o f a common unit such as d o l l a r s , 
must he equal t o some s p e c i f i e d value . They assume that ordering c o s t , 
carrying c o s t , and shortage cos t are known. 
Churchman, Ackoff, and Arnoff ( 3 , pp. 255-274) determine constrained 
l o t s i zes fo r condi t ions in which warehouse space i s l imi ted , machine 
time i s l imi ted , or both o f these l imi ta t ions e x i s t . These authors 
assume that ordering c o s t , carrying c o s t , and shortage cos t are known. 
Feeney (10) proposes general ized procedures for making inventory 
d e c i s i o n s , given f e a s i b l e ob j ec t i ve s for the inventory p o l i c y in e f f e c t . 
These f e a s i b l e ob j ec t i ve s may speci fy the attainment o f various combina­
t ions o f aggregate measures, such as the t o t a l number o f orders to be 
placed, the average t o t a l do l l a r s o f inventory investment, and the t o l e r ­
ated number o f shortages. Feeney presents a method for imputing a unique 
set o f inventory cos t s from these spec i f i ed o b j e c t i v e s . I f these imputed 
cos t s are inser ted in to appl icable inventory equations fo r obtaining values 
o f the dec i s ion var iables such as the reorder point and the order l e v e l , 
the s p e c i f i e d aggregate ob j ec t i ve s w i l l be attained at a minimum c o s t . 
Welch {2k) presents a spec i a l i zed procedure fo r the var iable c y c l e 
inventory p o l i c y based on a concept s imilar to that o f Feeney. The 
ob j ec t i ve s in th i s procedure are the attainment o f s p e c i f i e d aggregate 
measures fo r the average inventory investment and the number o f t o t a l 
orders t o be processed. 
Since the present study w i l l be concerned with the study o f inven­
t o r i e s on an item b a s i s , a more de ta i l ed account o f th i s category o f 
inventory con t ro l l i t e r a tu re , as relevant t o the ob j ec t i ve s o f th i s study, 
w i l l be presented in the fo l lowing s ec t i ons . 
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Selec t ion o f Values for Decision Variables 
The s ign i f i can t l i t e r a tu re r e l a t i v e t o the se l ec t ion o f values 
for the dec i s ion var iab les on an item bas i s fo r the four inventory p o l i ­
c i e s w i l l be c i t e d . The c r i t e r i o n used by the authors c i t e d fo r the 
s e l e c t i o n o f values fo r the dec i s ion var iab les i s cos t minimization. 
Fixed Cycle Inventory P o l i c y 
The dec i s ion var iab les to be se lec ted fo r the f ixed c y c l e inven­
tory p o l i c y are the order l e v e l , the length o f the order c y c l e , or both 
the order l e v e l and the c y c l e length. 
Vazsonyi (23> PP° 338-3^-5) assumes the demand to be a continuous 
var iab le and the replenishment lead time to be zero . An expression fo r 
the order l e v e l i s developed under the hypothesis o f back-orders not 
allowed by assuming that the cos t o f a shortage i s propor t ional to the 
p r o b a b i l i t y o f a shortage. 
Whitin (25, pp. 50-52) assumes the demand to be a random var iable 
from a normal p robab i l i t y d i s t r ibu t ion . He a l so assumes that the stand­
ard devia t ion i s the square roo t o f demand. The replenishment lead time 
i s assumed to be known and constant. A so lu t ion fo r approximating the 
optimal length o f the order c y c l e i s determined when ( l ) the p r o b a b i l i t y 
o f a shortage i s spec i f i ed , ( 2 ) the ordering cos t i s known, ( 3 ) and the 
carrying c o s t i s known. 
Gaver (lh) assumes the demand t o be a continuous var iable and 
the replenishment lead time to be constant with a one c y c l e l ag . An 
expression fo r the order l e v e l i s determined fo r the hypothesis that 
back-orders are allowed and a l so for the hypothesis that back-orders 
are not al lowed. Stationary p r o b a b i l i t i e s are developed fo r the s tock 
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l e v e l at the beginning o f the order c y c l e , fo r the s i ze o f the replenish­
ment order, and fo r the s tock d e f i c i t at the end o f the order c y c l e . 
From these stat ionary p r o b a b i l i t i e s and from the relevant c o s t s , an o p t i ­
mal s e l e c t i o n for the order l e v e l i s s p e c i f i e d . Gaver points out that 
the d i f fe rence in the optimal order l e v e l dec i s ion values between the 
hypotheses o f back-orders allowed and back-orders not allowed diminishes 
as the r a t i o o f the shortage cos t to the carrying cos t increases . 
F lagle , Huggins, and Roy (13, pp. 346-348) assume the demand to 
be a d i s c r e t e var iable and the replenishment lead time to be zero . Back-
orders are al lowed. The order l e v e l i s obtained by i t e r a t i v e procedures. 
The authors assume knowledge o f inventory c o s t s , in which the cos t o f a 
shortage i s propor t iona l to the product o f the number o f items short and 
the duration o f the shortage. 
Sasieni , Yaspan, and Friedman (22, pp. 82-86) assume the demand to 
be a d i s c r e t e var iab le and the replenishment lead time to be zero . Back-
orders are not al lowed. Expressions for both the order l e v e l and the c y c l e 
length are obtained by i t e r a t i ve procedures. The authors assume knowledge 
o f inventory c o s t s , in which the c o s t o f a shortage i s propor t ional t o the 
number o f items short . 
Churchman, Ackoff, and Arnoff ( 3 , pp. 217-223) assume the demand to 
be a d i sc re te var iable and the replenishment lead time to be zero . How­
ever, back-orders are al lowed. Expressions fo r both the order l e v e l and 
the c y c l e length are obtained by i t e r a t i v e procedures. The authors assume 
knowledge o f inventory c o s t s ; however, the cos t o f a shortage i s propor­
t i o n a l to the product o f the number o f shortages and the duration o f the 
shortage. 
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Morse (l9) assumes the demand t o be a d i sc re t e var iable and the 
replenishment lead time to be constant and equal to or l e s s than the 
length o f the order c y c l e . Morse recognizes that the c lass o f inventory 
p o l i c i e s in which the s tock l e v e l i s examined at the end o f an order 
c y c l e o f f ixed length i s an example o f a Markov p rocess . The s tat ionary 
p r o b a b i l i t i e s fo r the s tock l e v e l at the beginning o f the c y c l e are 
determined. An i t e r a t i v e procedure i s suggested for s e l ec t ing values 
e i ther f o r the s tock l e v e l or fo r the c y c l e length, under e i ther o f the 
hypotheses concerning back-orders . The inventory cos t s are assumed to 
be known, with the cos t o f a shortage propor t ional to the number o f items 
short . Although Morse does not r e la te any de t a i l s o f the formulation 
when both the demand and the replenishment lead time are var iab les , he 
suggests that solut ions fo r th i s case could be obtained under these more 
complex cond i t ions . 
Arrow, Karlin, and Scarf ( 2 ) assume the demand to be a continuous 
var iable and the replenishment lead time to be constant at a known in te ­
gral mult iple o f the order c y c l e . The inventory costs are assumed to be 
known. The stat ionary p r o b a b i l i t i e s for the s tock l e v e l at the beginning 
o f the order c y c l e are determined ( l ) when only one replenishment order 
may be outstanding and ( 2 ) when back-orders are not allowed (2 , pp. I 7 2 - I 7 8 ) . 
An expression for the order l e v e l i s obtained in c losed form fo r one spec i ­
f i c demand density funct ion. Also an expression for the order l e v e l i s 
obtained ( l ) when one or more replenishment orders may be outstanding 
and ( 2 ) when back-orders are allowed (2 , pp. 227-229). The authors assume 
that carrying cos t s and shortage cos t s are l inear with the average inven­
tory and the number o f shortages, r e spec t i ve ly . They poin t out that i f 
the replenishment lead time i s va r iab le , the order l e v e l a l so can be 
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determined. For th i s determination, i t i s necessary to obtain an appro­
pr ia te compounding o f the mu l t i p l e - fo ld convolut ion o f the order c y c l e 
demand. 
S ign i f ican t developments in the s e l e c t i o n o f values for the d e c i ­
sion var iab les for the f ixed c y c l e inventory p o l i c y are summarized in 
Table 1 (page ) . The appl ica t ion o f these developments are l imi ted 
to those s i tua t ions in which the assumption o f a known replenishment lead 
time i s s a t i s f i e d . In Chapter I I I the s tock l e v e l s tat ionary p r o b a b i l i ­
t i e s w i l l be developed for the f ixed c y c l e inventory p o l i c y under the 
assumptions that both the demand and the replenishment lead time are 
random va r i ab le s . 
The ( s , S ) Inventory P o l i c y 
The dec i s ion var iab les to be se lec ted for the ( s , S) inventory 
p o l i c y are the lower order l e v e l , s, and the order l e v e l , S; the length 
o f the order c y c l e ; or the order l e v e l s and the c y c l e length j o i n t l y . 
Arrow, Harris, and Marschak ( l ) assume the demand t o be a cont in­
uous var iab le and the replenishment lead time to be zero . A general ex­
press ion i s developed for a dynamic inventory s i tua t ion which could be 
used for the determination o f the lower order l e v e l , s, and the order 
l e v e l , S. A s p e c i f i c so lu t ion f o r the two order l e v e l s i s developed in 
c losed form, given a spec i a l demand density funct ion. The inventory cos t s 
are assumed to be known; the cos t o f a shortage i s propor t iona l t o the 
number o f items short . This reference i s a frequently-referenced paper 
in the s tochas t ic treatment o f inventory cond i t ions . 
Vazsonyi (23^ pp. 353-359) suggests the method o f r e t rospec t ive 
simulation for the determination o f the order l e v e l s , s and S, such that 
TABLE 1. SUMMARY OF ANALYTICAL DEVELOPMENTS FOR THE FIXED CYCLE INVENTORY POLICY 
REFERENCE CRITERION DECISION 
RULES 
DEMAND LEAD TIME BACK-ORDERS SS RESULTS G 
COSTS E S N VARIABLE CONSTANT VARIABLE ALLOWED NOT PR APPR 
C R C L ALLOWED 
A B D 
YAZSONYI 
(23, PP. 338-34^) X X 
_ 
X X CONTINUOUS; ZERO X X 0 
WHITIN 
(25, PP. 50-52) X X X X NORMAL FINITE X X X > 0 
GAVER 
(14) X X X X CONTINUOUS 
ONE CYCLE 
LAG X X X X 0,1 
SASIENI, ET. AL. 
(22, PP. 82-86) 
x 
X X X X DISCRETE ZERO X X X 0 
CHURCHMAN, ET. AL. 
(3, PP. 217-223) X X X X X 
-
DISCRETE ZERO X X X 0 
A SHORTAGE COST PROPORTIONAL TO NUMBER OF SHORTAGES. 
B SHORTAGE COST PROPORTIONAL TO THE PRODUCT OF THE 
NUMBER OF SHORTAGES AND THE DURATION OF THE SHORTAGE. 
D SHORTAGE COST PROPORTIONAL TO THE PROBABILITY OF A 
SHORTAGE. 
E CRITERION OF PROBABILITY OF A SHORTAGE. 
SS STEADY STATE 
PR PRECISE 
APPR APPROXIMATE 
C I CARRYING COST 
CR ORDERING COST 
C L SHORTAGE COST 
G NUMBER OF OUTSTANDING ORDERS 
T a b l e 1 . S u m m a r y o f A n a l y t i c a l D e v e l o p m e n t s f o r t h e F i x e d C y c l e I n v e n t o r y P o l i c y ( c o n t i n u e d ) 
R E F E R E N C E C R I T E R I O N D E C I S I O N 
R U L E S 
D E M A N D L E A D T I M E B A C K - O R D E R S S S R E S U L T S G 
C o s t s E S N V a r i a b l e C o n s t a n t V a r i a b l e A l l o w e d N o t P r A p p r 
c i C R 
C 
L 
A l l o w e d 
A B D 
F l a g l e , e t c a l . 
( 1 3 , p p . 3 4 6 = 3 4 8 ) X X x X D i s c r e t e Z e r o X X x 0 
M o r s e 
( 1 9 ) X X X X X D i s c r e t e 
O n e C y c l e 
L a g o r L e s s x x x x 0 , 1 
A r r o w , e t , , a l . 
( 2 , p p . 1 7 2 - 1 7 8 ) x X X X C o n t i n u o u s 
M u l t i p l e o f 
O r d e r C y c l e x x x 0 , 1 
A r r o w , e t . a l . 
( 2 , p p . 2 2 7 - 2 2 9 ) X X X X C o n t i n u o u s 
M u l t i p l e o f 
O r d e r C y c l e x x x 
A s h o r t a g e c o s t p r o p o r t i o n a l t o n u m b e r o f s h o r t a g e s . 
B s h o r t a g e c o s t p r o p o r t i o n a l t o t h e p r o d u c t o f t h e 
n u m b e r o f s h o r t a g e s a n d t h e d u r a t i o n o f t h e s h o r t a g e . 
D s h o r t a g e c o s t p r o p o r t i o n a l t o t h e p r o b a b i l i t y o f a 
s h o r t a g e . 
E c r i t e r i o n o f p r o b a b i l i t y o f a s h o r t a g e . 
S S s t e a d y s t a t e 
P r p r e c i s e 
A p p r a p p r o x i m a t e 
C I 
c a r r y i n g c o s t 
C R 
o r d e r i n g c o s t 
C L 
s h o r t a g e c o s t 
G n u m b e r o f o u t s t a n d i n g o r d e r s 
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minimum cos t i s achieved. This method could be used in any s i tua t ion , 
regardless o f whether or not the demand.and the replenishment lead time 
are var iab les and regardless o f the hypothesis concerning back-orders . 
Since such a method i s labor ious and time consuming, more d i r ec t analy t i ­
c a l procedures may be preferred. 
Sasieni , Yaspan, and Friedman (22 , pp„ 86-92) assume the demand 
to be a d i sc re t e var iab le and the replenishment lead time to be zero . 
A so lu t ion i s obtained by i t e r a t i v e procedures for the order l e v e l s , s 
and S, under the hypothesis that back-orders are allowed. The authors 
assume knowledge o f inventory c o s t s , o f which the cos t o f a shortage i s 
p ropor t iona l t o the product o f the number o f items short and the duration 
o f the shortage. 
Magee (17, pp. 83-86) develops expressions for approximating the 
order l e v e l s , s and S, under condi t ions o f var iable demand and a constant 
lead time. The lower order l e v e l , s, i s determined by speci fy ing the 
to le ra ted p r o b a b i l i t y o f a shortage during the in te rva l composed o f the 
order c y c l e and the replenishment lead time. From an i n tu i t i ve r e l a t i o n ­
ship between the parameters, the order l e v e l s , s and S, can be determined. 
The author assumes that the ordering cos t and carrying c o s t are known. 
Arrow, Karlin and Scarf ( 2 ) assume the demand to be a continuous 
var iab le and the replenishment lead time to be zero . For the steady 
state condi t ion , general expressions are developed fo r the determination 
o f the lower order l e v e l , s, and the order l e v e l , S. The inventory cos t s 
are assumed to be known; the cos t o f a shortage i s p ropor t iona l to the 
number o f items short . These expressions are appl icable e i ther to the 
hypothesis that back-orders are allowed (2 , pp. 229-234) or to the hypothesis 
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that hack-orders are not allowed ( 2 , pp. 280-285) . Spec i f i c so lu t ions , 
each fo r a spec ia l demand densi ty function, are developed separately 
under these hypotheses. Other so lu t ions for the order l e v e l s , s and S, 
are developed by the authors for such spec ia l condi t ions as s ingle c y c l e 
inventory problems, dynamic inventory problems, and non-l inear inventory 
c o s t s . 
S igni f icant developments in the s e l e c t i o n o f values fo r the d e c i ­
s ion var iab les fo r the ( s , S ) inventory p o l i c y are summarized in Table 2 
(page ) . The appl ica t ion o f these developments are l imi ted to those 
s i tua t ions in which the assumption o f a known replenishment lead time i s 
s a t i s f i e d . In Chapter IV, the stock l e v e l s tat ionary p r o b a b i l i t i e s w i l l 
be developed under the assumptions that both the demand and the replenish­
ment lead time are random va r i ab le s . 
Variable Cycle Inventory P o l i c y 
The dec i s ion var iables to be se lec ted for the var iable cyc l e inven­
tory p o l i c y are the order l e v e l and the reorder po in t . The fo l lowing 
references assume ( l ) that the demand and the replenishment lead time are 
var iab les and ( 2 ) that i t i s pos s ib l e to p lace a replenishment order as 
soon as the demand reduces the stock l e v e l to the reorder po in t . The 
l a t t e r assumption implies ( l ) that s tock l e v e l survei l lance i s continuous, 
( 2 ) that a replenishment order can be placed with the vendor at any time, 
and (3) that each demand i s for exact ly one item. This inventory p o l i c y 
i s sometimes refer red t o as e i ther the f ixed quantity inventory p o l i c y , 
the economic l o t s i ze p o l i c y , or the t r igge r ru le system. 
Harling and Bramson (15) develop an expression for the p r o b a b i l i t y 
that the s tock l e v e l i s p o s i t i v e when the replenishment order i s r ece ived . 
TABLE 2. SUMMARY OF ANALYTICAL DEVELOPMENTS FOR THE (S,S) INVENTORY POLICY 
REFERENCE CRITERION DECISION 
RULES 
DEMAND LEAD TIME. BACK-ORDERS SS RESULTS G 
COSTS E S N S VARIABLE CONSTANT VARIABLE ALLOWED NOT PR APPR 
C I C R ALLOWED 
4 B 
ARROW, e t c AL„ 
(1) X X X X X X CONTINUOUS ZERO X X X 0 
SASIENI, ET„ AL. 
(22, PP. 86-92) X X X X X DISCRETE ZERO X X X 0 
MAGEE 
(17, PP. 83=86) X X X X X DISCRETE FINITE (1) (1) X X >o 
ARROW, ET. AL. 
(2, PP. 229=234) X X X X X CONTINUOUS ZERO X X X X 0 
A SHORTAGE COST PROPORTIONAL TO NUMBER OF SHORTAGES. PR PRECISE 
B SHORTAGE COST PROPORTIONAL TO THE PRODUCT OF THE APPR APPROXIMATE 
NUMBER OF SHORTAGES AND THE DURATION OF THE SHORTAGE. CARRYING COST 
(1) NOT CONSIDERED 
E CRITERION OF PROBABILITY OF A SHORTAGE. C R ORDERING COST 
SS STEADY STATE C L SHORTAGE COST 
G NUMBER OF OUTSTANDING ORDERS 
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This p robab i l i t y i s designated as the l e v e l o f p ro t ec t ion . For any de­
s i red l e v e l o f p ro t ec t i on the reorder po in t can be s p e c i f i e d . 
Ekey, Talbird, and Newberry, ( 9 ) develop expressions for the pro­
b a b i l i t y o f one or more shortages during the lead time. The resu l t s 
o f these expressions are presented graphical ly for Poisson dens i t i es 
over a l imi ted range o f the d i s t r ibu t ion means. A reorder poin t can 
be s e l ec t ed which corresponds to any desired p robab i l i t y o f a shortage 
during an in te rva l in which one or more replenishment orders are p laced . 
Clark and Rowe {k) s tate that the independent s e l e c t i o n o f the 
order l e v e l and the reorder po in t w i l l r e su l t in non-optimal so lu t ions 
o f the parameters. A procedure for approximating the reorder po in t and 
the order l e v e l i s presented, given a spec i f i ed p robab i l i t y o f a shortage. 
The d i s t r i bu t ion o f demand during lead time i s developed from empir ical 
data. The authors assume that the ordering c o s t and the carrying c o s t 
are known. 
Holt, Modigl iani , Muth, and Simon ( l6, pp. 220-2^3) develop under 
the hypothesis o f back-orders allowed, an expression fo r determining the 
reorder poin t when the order quantity i s s p e c i f i e d . The authors assume 
that the inventory cos t s are known. Expressions are developed in which 
shortage cos t s are ( l ) p ropor t iona l to the number o f shortages, (2) p ro ­
por t iona l to the product o f the number o f shortages and the duration o f 
the shortages, and (3) p ropor t iona l to the maximum in te rva l o f time the 
item i s back-ordered. 
Fetter and Dalleck (12, pp. 13-18) develop procedures for s e l ec t ing 
both the reorder point and the order l e v e l , under e i ther o f the hypotheses 
concerning back-orders . The demand and the replenishment lead time 
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d i s t r ibu t ions are combined in to a s ing le d i s t r ibu t ion o f demand during 
lead time. The authors assume knowledge o f inventory cos t s in which the 
c o s t o f a shortage i s propor t ional to the number o f shortages. 
Morse (l8, pp. 139-156) analyzes, by queueing theory, inventory 
p o l i c i e s in which a f ixed quantity o f items i s ordered when the sum o f 
s tock l e v e l and s tock on order i s equal to the reorder po in t . Measures 
o f e f f ec t iveness are developed for the spec i a l inventory s i tua t ion under 
the hypothesis o f back-orders not allowed when ( l ) the reorder poin t i s 
equal to the order l e v e l minus one item, (2) the demand i s a Poisson 
densi ty , and (3) the replenishment lead time i s a negative exponential 
densi ty (l8, pp. 139-146). There i s a p o s s i b i l i t y o f more than one r e ­
plenishment order being outstanding at any one time. Formulas for approx­
imating the order l e v e l are developed. The inventory cos t s are assumed 
to be known. Morse suggests procedures for the analysis o f hybrid inven­
tory s i tua t ions in which some o f the "customers" permit back-orders while 
some do not . 
Arrow, Karlin, and Scarf (2, pp. 285-288) consider the case in 
which the demand density i s Poisson and the replenishment lead time i s 
negative exponential , under the hypothesis that back-orders are al lowed. 
Expressions are formulated for determining the reorder poin t and the order 
l e v e l when knowledge o f inventory cos t s i s complete and when knowledge o f 
inventory cos t s i s p a r t i a l l y incomplete. For the l a t t e r case, the carrying 
c o s t and the ordering cos t are assumed to be known, and the p robab i l i t y 
o f a shortage i s s p e c i f i e d . Only one replenishment order i s outstanding 
at any one time. The authors remove some o f these r e s t r i c t i o n s (2, pp. 
307-318) in a l a t e r sec t ion as f o l l o w s : ( l ) the demand density may be any 
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densi ty , ( 2 ) back-orders e i ther may be allowed or not allowed, and 
( 3 ) the number o f replenishment orders outstanding at any time i s un­
l imi ted . 
The above-c i ted references assume that the replenishment order 
may be placed as soon as the demand reduces the s tock l e v e l to the re ­
order p o i n t . However, the references per ta ining to the ( s , S ) inventory 
p o l i c y by Arrow, Karlin, and Scarf, (2 , pp. 229-234) and (2 , pp. 28O-285), 
are o f the type considered in the present study which are designated as 
the var iab le c y c l e inventory p o l i c y . These references do not assume that 
a replenishment order can be placed as soon as the s tock l e v e l i s reduced 
to the order l e v e l ; however, these references do assume the replenishment 
lead time to be zero . 
S ign i f ican t developments in the s e l e c t i o n o f values for the d e c i ­
s ion var iab les fo r the var iable c y c l e inventory p o l i c y are summarized in 
Table 3 (page 31). The appl ica t ion o f these developments are l imi ted to 
those s i tua t ions in which e i ther ( l ) the replenishment lead time i s zero 
or ( 2 ) a replenishment order i s placed immediately when the sum o f s tock 
l e v e l and s tock on order i s reduced to the reorder po in t . In Chapter V 
the s tock l e v e l s tat ionary p r o b a b i l i t i e s w i l l be developed under the assunrp 
t ions that both the demand and the replenishment lead time are random 
var iables and that a replenishment order i s placed at the end o f the f i r s t 
per iod in which the sum o f s tock l e v e l and s tock on order i s equal to or 
below the reorder po in t . 
Combination Inventory P o l i c y 
The only reference encountered which re l a t e s to an inventory p o l i c y 
composed o f cha rac t e r i s t i c s o f the f ixed c y c l e p o l i c y and the var iab le 
Table 3. Summary of Analytical Developments for the Variable Cycle Inventory Policy 
REFERENCE CRITERION DECISION 
RULES 
DEMAND LEAD TIME BACK-ORDERS 
( 
F SS RESULTS G 
Cos ts E S RP Variable Constant Variable Allowed Not Pr Appr 
c i Allowed 
A B C 
Harling, etc al. 
(15) (2) X Poisson Normal (1) (1) X X X > 0 
Ekey, et. al. 
(9) X X Poisson Poisson (1) (1) X X X > 0 
Clark, et. al. 
(4) X X X X X (3) (3) X X X X X > o 
Holt, et. al. 
(16, pp. 220-243) X x X X X X Continuous Continuous X X X X > 0 
A shortage cost proportional to number of shortages. SS steady state 
B shortage cost proportional to the product of the Pr precise 
number of shortages and the duration of the shortage. Appr approximate 
C shortage cost proportional to maximum interval of 
time the item is back-ordered. C I carrying cos t 
(1) not considered. C R ordering cost 
(2) criterion is probability of a stock-out. 
c L shortage cost 
(3) demand during lead time. Li 
E criterion of probability of a shortage. G number of outstanding orders 
F immediate placement of order is possible. 
Table 3. Summary of Analytical Developments for the Variable Cycle Inventory Policy (continued) 
REFERENCE CRITERION D E C I S I O N 
R B I S S 
DEMAND LEAD T I M E BACK-ORDERS F SS RESULTS G 
Costs E CO RP Variable Cons tant Variable Allowed Not Pr Appr 
c i Allowed 
A B C 
Fetter, et. al. 
(12, pp. 13-18) X X X X X X (3) (3) x X X X X >0 
Morse 
(18, pp, 139-156) X X X X S-l Poisson 
Negative 
Exponential X X X X >0 
Arrow, et. al. 
(2, pp. 255-258) X X X X X X Polsson 
Negative 
Exponential X X X X 0,1 
Arrow, et. al. 
(2, pp. 307-318) X X X Continuous 
Negative 
Exponential X X X X >o 
A shortage cost proportional to number of shortages. 
B shortage cost proportional to the product of the 
number of shortages and the duration of the shortage 
C shortage cost proportional to maximum interval of 
time the item is back-ordered. 
(1) not considered. 
(2) criterion is probability of a stock-out. 
(3) demand during lead time. 
E criterion of probability of a shortage. 
F immediate placement of order is possible 
SS steady state 
Pr precise 
Appr approximate 
0^ carrying cost 
C ordering cost K 
C^ shortage cost 
G number of outstanding orders 
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c y c l e p o l i c y i s one by Whitin (25 , p . 2 2 ) . He states that the General 
Services Administration operates under th i s type o f inventory p o l i c y . 
No ana ly t i ca l dec i s ion rules have been reported fo r th is inventory p o l i c y . 
In Chapter VI the s tock l e v e l s tat ionary p r o b a b i l i t i e s w i l l be developed 
for th i s p o l i c y , under the assumptions that the demand and the replenish­
ment lead time are random va r i ab l e s . 
Sens i t iv i ty Analysis 
The p r e c i s i o n required in the s e l e c t i o n o f optimal values o f the 
dec i s ion var iab les may be determined by a study o f the sens i t iv ty o f the 
t o t a l relevant co s t to deviat ions from the optimal values o f these d e c i ­
s ion va r i ab l e s . Also the p r ec i s ion required for data c o l l e c t i o n may be 
determined by a study o f the s e n s i t i v i t y o f the t o t a l relevant cos t t o 
devia t ions in the estimation o f c o s t or d i s t r ibu t ion parameters. 
Flaggle , Huggins and Roy (13, pp. 35O-362) study the e f f e c t s o f 
devia t ions in the values o f the dec i s ion var iables from the i r optimal 
values upon the t o t a l relevant c o s t . These authors a l so study the e f f e c t s 
o f devia t ions in the values o f constants, such as cos t s and d i s t r i bu t ion 
means, upon t o t a l relevant c o s t . These studies are fo r two determinis t ic 
inventory s i tua t ions . 
Fetter and Dalleck (ij.pp. 22-26) mention the need fo r studies o f the 
s e n s i t i v i t y o f t o t a l relevant cos t in inventory s i tua t ions . Such studies 
w i l l promote an understanding o f the consequences o f errors in the e s t i ­
mation o f cos t and d i s t r ibu t ion parameters. 
A more de ta i l ed procedure fo r the study o f parameter s e n s i t i v i t y 
for s tochas t i c inventory s i tuat ions w i l l be suggested in Chapter V I I I . 
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Selec t ion o f Inventory P o l i c i e s 
The s e l e c t i o n o f the bes t relevant inventory p o l i c y may he as 
important as the s e l e c t i o n o f optimal values o f the dec i s ion var iab les 
for a given p o l i c y ; ye t l i t t l e work has been reported in the development 
o f c r i t e r i a for use in the s e l e c t i o n o f p r a c t i c a l inventory p o l i c i e s . 
Magee (17, pp. 94-96) suggests some qual i ta t ive features regarding 
the degree o f con t ro l which may be obtained in the f ixed cyc l e inventory 
p o l i c y and in the var iab le c y c l e inventory p o l i c y . Whitin (25 , p..23). 
suggests cer ta in cos t s which he considers to be determinants in the se­
l e c t i o n o f an inventory p o l i c y . The cos t s which he l i s t s are routine 
ordering c o s t , spec i a l ordering c o s t , carrying c o s t , and survei l lance 
c o s t . 
Arrow, Karlin, and Scarf ( 2 , pp. 110-178) spec i fy a mathematical 
bas i s fo r the s e l e c t i o n o f optimal inventory p o l i c i e s . These optimal 
inventory p o l i c i e s are se lec ted on the bas is o f the mathematical pro­
pe r t i e s o f the ana ly t i ca l expressions for the ordering c o s t , carrying 
c o s t , and shortage c o s t . The estimation o f these ana ly t i ca l co s t expres­
sions and the der iva t ives o f the cos t expressions appear t o be insurmount­
able because o f l imi ta t ions in present co s t estimation techniques. 
The only reference c i t e d for the quanti tat ive s e l e c t i o n o f inventory 
p o l i c i e s i s based upon the mathematical proper t ies o f the expressions fo r 
ordering c o s t , carrying c o s t , and shortage c o s t . Since such cos t expres­
sions cannot be p r a c t i c a l l y estimated, such a s e l e c t i o n bas i s has l imi ted 
p r a c t i c a l u t i l i t y . In Chapter VI I I a procedure w i l l be developed which 
has p r a c t i c a l u t i l i t y . The inventory cos t expressions are l inear with 
the appropriate measure o f e f f ec t i venes s . Also , in addi t ion to the cos t s 
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usually considered in contemporary l i t e r a tu re , a spec ia l ordering c o s t 
and a survei l lance cos t i s included. I m p l i c i t l y , the s e l e c t i o n o f one 
inventory p o l i c y in preference to another i s based on the combination 
o f the cha rac t e r i s t i c s o f the inventory p o l i c i e s and the s p e c i f i c cos t s 
assoc ia ted with the inventory s i tua t ion . 
Discussion o f Results 
The s ign i f i can t t h e o r e t i c a l developments relevant to the o b j e c ­
t i v e s o f th i s study have been referenced. 
For the f ixed c y c l e inventory p o l i c y and the ( s , S ) inventory p o l i c y 
(summarized in Tables 1 and 2 ) , the lack o f any ana ly t i ca l development 
for condi t ions in which the lead time i s var iable i s r ead i ly apparent. 
Generally, p r ec i se ana ly t i ca l treatment o f condi t ions in which more than 
one replenishment order i s outstanding have been neglec ted . One author 
does permit mult iple replenishment orders to be outstanding, but he r e ­
quires that the lead time fo r these orders be constant and occur in mul t i ­
p les o f the order c y c l e . For these two inventory p o l i c i e s , the present 
study w i l l extend the a p p l i c a b i l i t y o f ana ly t i ca l developments t o condi­
t ions in which the replenishment lead time i s va r i ab le ; but, at most, 
only one replenishment order i s outstanding. The ana ly t i ca l development 
for inventory s i tuat ions in which the j o i n t occurrence o f var iable lead 
time and mult iple replenishment orders i s beyond the scope o f the present 
study. 
For the var iab le c y c l e inventory p o l i c y (summarized in Table 3 ) , 
i t i s assumed that a replenishment order may be placed immediately when 
the s tock l e v e l dec l ines t o the reorder po in t . Such an assumption i s not 
always v a l i d . The present study w i l l extend the a p p l i c a b i l i t y o f ana ly t i ca l 
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developments t o condi t ions in which an order i s not necessar i ly placed 
when the s tock l e v e l dec l ines t o the reorder po in t . An upper hound i s 
placed upon the demand during any per iod . The ana ly t i ca l development 
f o r these inventory s i tua t ions in which the demand during any per iod 
i s unbounded i s beyond the scope o f the present study. 
For the combination p o l i c y , no ana ly t i ca l developments have been 
c i t e d . The ana ly t i ca l development in the present study permits var iable 
demand and var iab le replenishment lead time, but t h i s development i s 
r e s t r i c t e d to the condi t ions in which back-orders are al lowed. The 
development fo r condi t ions in which back-orders are not allowed i s beyond 
the scope o f the present study. 
The l i t e r a tu re search revealed no s ign i f i can t developments e i ther 
in the study o f the s e n s i t i v i t y o f t o t a l re levant co s t or in the choosing 
o f a p r a c t i c a l inventory p o l i c y . The present study w i l l develop proce­
dures f o r the study o f the s e n s i t i v i t y o f t o t a l re levant co s t to devia­
t ions in the values o f the dec i s ion var iab les and t o errors in cos t and 
d i s t r i bu t i on parameters. Also procedures w i l l be developed for the 
choosing o f a p r a c t i c a l inventory p o l i c y . 
The next chapter i s the f i r s t o f four chapters in which the s tock 
l e v e l s tat ionary p r o b a b i l i t i e s w i l l be developed. These s tock l e v e l 
p r o b a b i l i t i e s w i l l be used in the determination o f the measures o f e f f e c ­
t iveness . . On the bas i s o f these measures o f e f f ec t iveness , the dec i s ion 
procedures w i l l be developed. 
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CHAPTER I I I 
STOCK LEVEL PROBABILITIES FOR THE FIXED CYCLE INVENTORY POLICY 
Introduction 
The o b j e c t i v e o f th i s chapter i s t o develop mathematical expressions 
fo r the s tock l e v e l p r o b a b i l i t i e s in terms o f relevant con t ro l l ed dec i s ion 
var iab les cha rac t e r i s t i c o f the f ixed c y c l e inventory p o l i c y and uncon­
t r o l l e d random va r i ab l e s . The f ixed c y c l e inventory p o l i c y requires that 
a replenishment order be placed at the beginning o f a c y c l e composed o f 
a f ixed number o f pe r iods . This order i s fo r a quantity equal to the 
d i f fe rence between the order l e v e l , S, and the beginning stock l e v e l , i . 
The re levant c o n t r o l l e d dec i s ion var iables are the order l e v e l , S, and 
the number o f per iods , N, in the order c y c l e . The uncontrol led random 
var iab les are the demand and the replenishment lead time. These s tock 
l e v e l p r o b a b i l i t i e s w i l l be developed separately for the hypotheses - o f 
back-orders allowed and back-orders not al lowed. 
Under the f ixed c y c l e inventory p o l i c y , i t usually i s assumed 
that the demand, the replenishment lead time, or both are constant . The 
treatment o f the f ixed c y c l e inventory p o l i c y in th i s present study w i l l 
consider the demand and the replenishment lead time as random var iab les 
obtained from any p r o b a b i l i t y d i s t r i b tu ion . The bas ic assumptions l i s t e d 
and discussed in Chapter I w i l l be used as a bas i s fo r the ana ly t i ca l 
development o f the f ixed c y c l e inventory p o l i c y considered in th i s 
chapter. In addi t ion, the replenishment lead time i s assumed to be l e s s 
than the number o f per iods , N, in the order c y c l e . 
38 
Back-Orders Allowed 
The o b j e c t i v e o f th i s sec t ion i s to develop mathematical ex­
pressions for the s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f 
back-orders al lowed. These expressions w i l l be developed in terms o f 
the demand and the replenishment lead time p robab i l i ty d i s t r i bu t ions ; 
the order l e v e l , S; and the number o f per iods , N, in the order c y c l e . 
When back-orders are allowed, unsat is f ied demands are deferred 
e i ther u n t i l the next replenishment order i s rece ived or un t i l s u f f i c ­
ient s tock i s ava i l ab le . Under the f ixed cyc le inventory p o l i c y , a 
replenishment order i s placed at the beginning o f each order c y c l e . 
The quantity ordered depends upon e i ther the d i f ference between the 
order l e v e l , S, and avai lable s tock or upon the sum o f order l e v e l , S, 
and unsa t i s f ied demand. That i s , 
r 
S - avai lable s tock for i > 0, ( l ) 
replenishment order = < 
S + unsat is f ied demand for i < 0. 
Beginning Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the beginning stock l e v e l i s equal to i , 
a ( i ) , a f ter s t a t i s t i c a l equil ibrium i s attained, w i l l be determined by 
so lv ing an i n f i n i t e Markov t rans i t ion matrix equation. 
Markov t rans i t ion matrix equat ion.--A t rans i t ion from any beginning c y c l e 
s tock l e v e l , i , to any stock l e v e l , j , at the beginning o f the subsequent 
f ixed order c y c l e , for i < S and j < S, i s poss ib le as a consequence o f 
the ordering ru le . Therefore, the t r ans i t ion matrix, M = (m. . ) , i s ergo-
d i e ; and the stat ionary p r o b a b i l i t i e s ex i s t and are unique. The stat ionary 
p r o b a b i l i t i e s w i l l be determined by solv ing the fo l lowing matrix equations: 
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a = a M , 
where a = [a ( s ) , a ( S - l ) , a(o) , . . . ]. 
and M = 
m S , S m S , S-l 
" 3 - 1 , 8 m S - l , S - l * 




( 2 ) 
(2a ) 
(2b ) 
In the i n f i n i t e matrix, M, iru ^ i s the p robab i l i t y that the s tock 
l e v e l i s j items at the beginning o f the subsequent c y c l e , given that 
the s tock l e v e l was i items at the beginning o f the present c y c l e . 
Stock l e v e l t r ans i t ion p r o b a b i l i t i e s . - - I f demand during the c y c l e does 
not exceed S items, a l l demand i s s a t i s f i e d before the subsequent replen­
ishment order i s p laced . However, i f the demand during the order c y c l e 
i s greater than S items, there i s -unsatisfied demand (negat ive s tock l e v e l 
at the beginning o f the subsequent c y c l e ) . This unsa t i s f ied demand causes 
the replenishment order at the beginning o f the subsequent c y c l e to be in 
excess o f S items by an amount equal to the unsa t i s f ied demand. This 
carry-over demand i s s a t i s f i e d independently o f the subsequent c y c l e de­
mand. The replenishment order i s always equivalent to the demand which 
occurred during the previous c y c l e . Therefore, the beginning s tock l e v e l 
fo r the subsequent c y c l e i s dependent upon the demand during the previous 
c y c l e but independent o f the beginning s tock l e v e l , i . That i s , 
m. . = P{D(N)=S-j] fo r i < S and j < S. 
13 ( 5 ) 
The stat ionary p r o b a b i l i t i e s , a ( i ) , that the stock l e v e l i s equal 
to i at the beginning o f the order cyc l e w i l l be determined from expression 
(2). Since the rows o f the matrix are independent o f i ( i d e n t i c a l ) , ex­
press ion (3) represents the stat ionary p r o b a b i l i t i e s and may be wri t ten 
as 
a( j ) = m. . f o r i < S and j < S. ( 4 ) 
By a change in subscript notat ion, 
a ( i ) = m.. fo r i <, S and j < S. ( 5 ) 
Period Stock Level Stationary P robab i l i t i e s 
The s tat ionary p r o b a b i l i t i e s that the stock l e v e l i s equal to h 
p r i o r to the demand in per iod r w i l l be denoted by a r ( h ) . These per iod 
s tock l e v e l p r o b a b i l i t i e s w i l l be developed from the per iod s tock l e v e l 
cond i t iona l s tat ionary p r o b a b i l i t i e s , a r ( h | x ) , which correspond to N 
mutually exc lus ive and exhaustive se t s , in conjunction with the proba­
b i l i t y o f the s p e c i f i c replenishment lead time, P{X=x}. That i s , 
a r ( h ) = ^ [ a r ( h | x ) ] P { X = x ] fo r 1 < r < N and h < S. ( 6 ) 
Period s tock l e v e l cond i t iona l s tat ionary p r o b a b i l i t i e s . - - T h e cond i t iona l 
s tat ionary p r o b a b i l i t i e s that the stock l e v e l i s equal to h p r i o r to the 
demand in per iod r , given that the replenishment lead time i s x, are de­
noted by a r ( h | x ) . These condi t iona l p r o b a b i l i t i e s w i l l be developed in 
terms o f the beginning stock l e v e l s tat ionary p r o b a b i l i t i e s , a ( i ) from 
the re la t ionsh ip o f the per iod , r , within the order c y c l e t o the 
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replenishment lead time, X=x. In th i s development, consider the cases 
corresponding to the two mutually exc lus ive and exhaustive se t s : 
r < x+1 and r ^ x+1. I t w i l l he necessary to determine a l l o f the 
p o s s i b l e combinations o f beginning s tock l e v e l , i , and a l so o f the 
demand, D ( r - l ) , p r i o r to per iod r so that the quantity o f items in s tock 
i s equal t o h p r i o r to the demand in per iod r . 
I . Case I : r < X + 1 . - - A s p e c i f i c path in which the s tock l e v e l i s 
equal to h occurs i f the beginning stock l e v e l i s equal to i , fo r i <, s, 
and i f the demand, D ( r - l ) , during the r -1 per iods i s equal t o i -h . The 
p r o b a b i l i t y o f th i s s p e c i f i c path i s 
a ( i ) P { D ( r - l ) = i - h ] fo r 1 < x+1 < N, i <, S, and h < S. ( 7 ) 
Figure 5 (page k2) i l l u s t r a t e s t h i s general path. 
The value o f the beginning stock l e v e l can be any o f the pos s ib l e 
values from h to S i n c l u s i v e . Therefore, 
I I . Case I I : r > x+1.—The per iod s tock l e v e l condi t iona l proba­
b i l i t i e s w i l l be developed for t h i s case by consider ing the sub-cases 
corresponding to the sub-sets obtained by dichotomizing th i s set in to 
the mutually exc lus ive and exhaustive sub-se ts : x=0 and 1 < x < N- l . 
A. Sub-case I : x=0.—The replenishment order i s rece ived in 
zero time pe r iods ; therefore the s tock l e v e l p r i o r t o the demand during 
the f i r s t per iod i s instantaneously S items. Since S-i , fo r i < S, items 
S 
fo r 1 < r < x+1 < N (8) 
i=h 
and h < S. 
Fig. 5 . General Stock Level Path for the Fixed Cycle 
Inventory Policy, Back-Orders Allowed, r<x+l 
Figo 6. General Stock Level Path for the Fixed 
Cycle Inventory Policy, Back-Orders Allowed, 
r >x+l 
Fig. 7. General Stock Level Transition Path for the Fig. 8. General Stock Level Transition Path 
Fixed Cycle Inventory Policy, Back-Orders Not Allowed, for the Fixed Cycle Inventory Policy, Back-
x=0 and j=0 Orders Not Allowed, x=Q and j>0. 
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are ordered at the beginning o f the order c y c l e and rece ived instantan­
eously, i + ( S - i ) = S . Therefore, 
a i ( h | o ) = 5 h g * . (9) 
B. Sub-Case I I : 1 < x < N- l .~The re are e f f e c t i v e l y S items 
ava i lab le from which the demand during the r -1 per iods i s made. A 
negative s tock l e v e l ind ica tes that the demand during the r -1 per iods 
i s greater than S. I f the demand, D ( r - l ) , during the r -1 per iods i s 
fo r S-h items, the quantity o f items avai lab le p r i o r to the demand during 
per iod r i s S- (S-h) , or h items. Therefore, 
a r ( h | x ) = P{D( r - l )=S-h ] fo r 1 < x+1 < r < N and h < S. (10) 
Figure 6 (page 42) i l l u s t r a t e s th i s general path. 
I l l . Summary o f per iod s tock l e v e l condi t iona l s tat ionary proba­
b i l i t i e s . — E x p r e s s i o n s ( 8 ) , ( 9 ) , and (10) are summarized as f o l l o w s : 
3 
) a ( i ) P { D ( r - l ) = i - h ) f o r 1 < r < x+1 < N ( l l ) 
i=h 
and h < S, 
fo r l=r=x+l < N, 
fo r 1 < x+1 < r < N 
and h < S. 
i s the Kroneker de l ta symbol which i s unity i f h=S and zero 
i f h/S. 
a r ( h | x ) JhS 
P{D( r - l )=S-h} 
Period s tock l e v e l uncondit ional s tat ionary p robab i l i t i e s .—The per iod 
s tock l e v e l uncondit ional s ta t ionary p r o b a b i l i t i e s , a^ (h) , can be obtained 
by inser t ing expression ( l l ) in to expression (6). 
The beginning s tock l e v e l s tat ionary p r o b a b i l i t i e s and the per iod 
s tock l e v e l stat ionary p r o b a b i l i t i e s developed in th i s sec t ion w i l l be 
used as the bas i s fo r determining the measures o f e f fec t iveness for the 
f ixed c y c l e inventory p o l i c y under the hypothesis that back-orders are 
al lowed. 
Back-Orders Not Allowed 
The o b j e c t i v e o f t h i s sec t ion i s to develop expressions fo r the 
s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f back-orders not al lowed. 
These expressions w i l l be in terms o f the demand and the replenishment 
lead time p robab i l i t y d i s t r i b u t i o n s ; the order l e v e l , S; and the number 
o f pe r iods , N, in the order c y c l e . 
When back-orders are not allowed, demand in excess o f ava i lab le 
s tock i s l o s t i f not s a t i s f i e d instantaneously by p r i o r i t y ac t ion . Under 
the f ixed c y c l e inventory p o l i c y a replenishment order i s p laced at the 
beginning o f each order c y c l e . The quantity ordered depends upon only 
the d i f fe rence between the order l e v e l , S, and avai lable s tock . That i s , 
replenishment order = S - ava i lab le s tock . ( 12 ) 
Beginning Stock Level Stationary P r o b a b i l i t i e s 
The p r o b a b i l i t i e s that the beginning s tock l e v e l i s equal t o i , 
a ( i ) , a f ter s t a t i s t i c a l equil ibrium i s attained, can be determined by 
so lv ing a f i n i t e Markov t rans i t ion matrix equation. 
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Markov t rans i t ion matrix equation.—A t rans i t ion from any beginning c y c l e 
s tock l e v e l , i , t o any s tock l e v e l , j , at the beginning o f the subsequent 
f ixed order c y c l e , fo r 0 ^ i < S and 0 < j < S, i s pos s ib l e as a conse­
quence o f the ordering ru l e . Therefore, the t rans i t ion matrix, M=(m..) , 
i s e r g o d i c ; and the stat ionary p r o b a b i l i t i e s ex i s t and are unique. These 
s ta t ionary p r o b a b i l i t i e s can be determined by so lv ing the fo l lowing matrix 
equation: 
a = a M, ( 1 3 ) 
where a = [ a ( S ) , a ( S - l ) , a ( 0 ) ] , ( l 3 a ) 
and M = 
In the f i n i t e matrix, M, m ^ l s the p robab i l i t y that the s tock l e v e l i s 
j items at the beginning o f the subsequent c y c l e , given that the s tock 
l e v e l was i items at the beginning o f the present c y c l e . 
Stock l e v e l t rans i t ion p robab i l i t i e s .—The stock l e v e l t r ans i t ion proba­
b i l i t i e s , w i l l be developed from the s tock l e v e l cond i t iona l tran­
s i t i o n p r o b a b i l i t i e s , m. . | x , corresponding t o N mutually exc lus ive and 
exhaustive se t s , in conjunction with the p r o b a b i l i t y o f the s p e c i f i c r e ­
plenishment lead time. That i s , 
m S , S m S , S - l . . m S ,0 (15b) 
ms-i ,s m s - i , s - i m, S -1 ,0 
m i , s m l , S - l m 1 , 0 
m o,s m o,s- i . m 0 , 0 
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N-l 
m. . = / (m |x )P{X=x} . (14 ) 
x=0 
I . Stock l e v e l condi t iona l t rans i t ion p robab i l i t i e s . - -The s tock 
l e v e l condi t iona l t r ans i t ion p robab i l i t y element, m . , | x , i s the proba-
b i l i t y that the s tock l e v e l i s equal to j at the beginning o f the subse­
quent c y c l e , given that the s tock l e v e l was i items at the beginning o f 
the present c y c l e and that the replenishment lead time i s x. The poss ib le 
values for the replenishment lead time, X=x, and the beginning o f the 
subsequent c y c l e s tock l e v e l , j , are divided into four mutually exc lus ive 
and exhaustive se t s . The replenishment lead time i s e i ther zero or p o s i ­
t i v e ; and the beginning stock l e v e l o f the subsequent c y c l e , j , i s e i ther 
zero or p o s i t i v e . 
For zero replenishment lead time, the s tock l e v e l instantaneously 
a t ta ins the value of S. 
For a p o s i t i v e replenishment lead time, there are two poss ib l e 
paths: 
1. Demand, D(x) , during the replenishment lead time may be equal 
to or greater than the beginning s tock l e v e l , i . In th is case a l l demand 
in excess o f the beginning stock l e v e l i s l o s t . Figure 9 (page 49) i l ­
lus t ra tes th is general path o f the s tock l e v e l during the replenishment 
lead time. 
2 . However, demand, D(x) , during the replenishment lead time may 
be l e s s than the beginning s tock l e v e l , i . Figure 10 (page 49) i l l u s t r a t e s 
th is general path o f the s tock l e v e l during the replenishment lead time. 
The four cases corresponding to the mutually exc lus ive and exhaus­
t i v e sets are as f o l l o w s : 
47 
Case I : Zero replenishment lead time (x=0) and zero s tock 
l e v e l at the beginning o f the subsequent c y c l e 
(j=o). 
Case I I : Zero replenishment lead time (x=0) and a p o s i t i v e s tock 
l e v e l at the beginning o f the subsequent c y c l e ( j > 0). 
Case I I I : Pos i t i ve replenishment lead time ( x > 0) and zero s tock 
l e v e l at the beginning o f the subsequent c y c l e ( j = 0 ) . 
Case IV: Pos i t i ve replenishment lead time ( x > 0) and a p o s i t i v e 
s tock l e v e l at the beginning o f the subsequent c y c l e 
( j > o). 
A . Case I : x-0 and j=Q.—Since the replenishment lead time i s 
zero, S items o f s tock are instantaneously ava i l ab le . A t r ans i t ion to 
a zero supply at the beginning o f the subsequent c y c l e occurs i f the de­
mand, D (N ) , during the N per iods o f the cyc l e i s equal t o or greater than 
S. Therefore, 
m. . | x = P { D (N ) > S} fo r 0 < i < S, J=0, and x=0. ( 15 ) 
Figure J (page 42) i l l u s t r a t e s th i s general path. 
B. Case I I : x=Q and j > 0 . - -S ince the replenishment lead time i s 
zero, S items o f s tock are instantaneously ava i l ab le . A t r ans i t ion to a 
p o s i t i v e supply o f j items, fo r 1 < j < S, occurs i f the demand, D ( N ) , 
during the N per iods o f the c y c l e i s equal t o S - j . Therefore, 
m . . | 0 = P{D (N )=S- j} fo r 0 < i < S and 1 < j < S. ( l6) 
Figure 8 (page 42) i l l u s t r a t e s th i s general path. 
48 
C. Case I I I ; x > 0 and j=0. - -Consider the two general paths 
corresponding to the mutually exclus ive and exhaustive sets which termi­
nate with j=b : D(x) > i a n d D ( x ) < i . 
1. Path I : P(x) > i.--When demand during the replenishment 
lead time i s equal to or greater than the beginning stock l e v e l , i , the 
quantity ava i lab le p r io r to the r ece ip t o f the replenishment order i s 
zero items. Since the replenishment order i s fo r S-i items, the quantity 
ava i lab le when the replenishment order i s rece ived i s S-i items. Conse­
quently, demand, D(N-x), during the l a t t e r part o f the c y c l e must be 
equal to or greater than S-i i f j=0 . Hence, the p robab i l i t y o f Path I 
occurr ing i s 
P{D(x) > i}P{D(N-x) > S- i ) fo r 0 < i < S, j=0, (17) 
and 1 < x < N- l . 
Figure 9 (page 49) i l l u s t r a t e s th is general path. 
2 . Path I I : D(x) < i . - - I f the quantity o f items avai lable 
p r io r to the r ece ip t o f the replenishment order i s denoted as h, then 
the quantity o f items in s tock af ter the replenishment order i s rece ived 
i s h+S-i . From th i s intermediate s tock l e v e l o f h+S-i items, the t rans i ­
t i on to a zero supply at the beginning o f the subsequent c y c l e occurs i f 
demand, D(N-x), during the l a t t e r por t ion o f the c y c l e i s equal to or 
greater than h+S-i . Therefore, the p robab i l i t y o f th is par t icu la r path 
fo r a s p e c i f i c value o f h, f o r 1 < h < i , i s 
P{D(x)=i-h)P{D(N-x) > h+S-i] fo r 0 < i < S, j=0, ( l 8 ) 




i = 0 
Time Period 
j=0 
Fig, 9. General Stock Level Transition Path for the 
Fixed Cycle Inventory Policy, Back-Orders Not Allowed, 
x > 0 , j=0, and D(x)> i 
Fig. 10. General Stock Level Transition Path 
for the Fixed Cycle Inventory Policy, Back-










j > 0 
Fig. 11. General Stock Level Transition Path for the 
Fixed Cycle Inventory Policy, Back-Orders Not Allowed, 
x > 0 , j > 0 , and D(x) < i 
Fig. 12. General Stock Level Transition Path 
for the Fixed Cycle Inventory Policy, Back-
Orders Not Allowed, x > 0 , j > 0 , and D(x) < i 4> 
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Figure 10 (page 49) i l l u s t r a t e s th i s par t icu lar path. 
Since h i s the s tock l e v e l p r io r t o the r e c e i p t o f the replenish­
ment order, the pos s ib l e values o f h are from 1 to i Inc lus ive . Therefore, 
the p robab i l i t y o f Path I I occurr ing i s 
i 
^ P ( D ( x ) = i - h ) P { D ( N - x ) > h+S-i) fo r 0 < i < S, j=0, (19) 
h = 1 and 1 < x < N- l . 
Summary o f Case I I I . - -The p robab i l i t y fo r Case I I I i s 
obtained by combining expressions (17) and (19) as f o l l o w s : 
i 
m. Jx = P{D(x) > i )p{D(N-x) > S- i ) + ) P{D(x)=i-h)P{D(N-x) > h+S-i) 
h=l 
for 0 < i < S, j=0, and 1 < x < N- l . (20) 
D. Case IV: x > Q and j > Q.—Consider the two general paths 
corresponding t o the mutually exc lus ive and exhaustive sets which termi­
nate with j > 0: D(x) > i and D(x) < i . 
.1. Path I : P(x) > i.--When the demand during the replenishment 
lead time i s equal t o or greater than the beginning s tock l e v e l , i , the 
quantity avai lable p r io r to the r e c e i p t o f the replenishment order i s 
zero items. The replenishment order i s S-i items, therefore , the quantity 
avai lable when the replenishment order i s rece ived i s S-i i tems. Conse­
quently, the demand, D(N-x), during the l a t t e r por t ion o f the c y c l e must 
equal S - i - j i f the supply at the beginning o f the subsequent c y c l e i s j . 
Therefore, the p robab i l i t y o f Path I occurr ing i s 
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PCD(x) > i}P{D<N-x)=S- i - j } fo r 0 < i < S, 1 < j < S, (2l) 
jus t p r i o r to the r e c e i p t o f the replenishment order i s denoted as h, 
then the quantity ava i lab le af ter the replenishment order i s rece ived 
i s h+S-i . From th i s intermediate s tock l e v e l o f h+S-i items, demand, 
D(N-x), during the l a t t e r por t ion o f the order c y c l e must equal h+S- i - j 
i f the supply at the beginning o f the subsequent c y c l e i s j . Therefore, 
the p r o b a b i l i t y o f th i s par t icu la r path for a s p e c i f i c value o f h, fo r 
1 < h <. i s 
P{D(x)=i -h)P{D(N-x)=h+S- i - j} fo r 0 < i < S, 1 < j < S, (22) 
Figure 12 (page k-9) i l l u s t r a t e s th i s general path. 
Since h i s the s tock l e v e l jus t before the replenishment order i s 
r ece ived , the pos s ib l e values o f h are any o f the values from 1 to i in­
c l u s i v e . Therefore, the p robab i l i t y o f Path I I occurr ing i s 
and 1 < x < N- l . 
Figure 11 (page k-9) i l l u s t r a t e s th i s general path. 
2. Path I I : P(x) < i . — I f the quantity o f items avai lable 
1 < x < N-l , and 1 < h < i . 
f or 0 < i < S, 1 < j < S, 
h=l and 1 < x < N- l . (23) 
3. Summary o f Case IV.—The p robab i l i t y fo r Case IV i s 
obtained by combining expressions (21) and (23) as f o l l o w s : 




+ ^ P { D ( x ) = i - h ) P { D ( N - x ) = h + S - i - j ) 
h=l 
f or 0 < i < S, 1 < j < S, and 1 < x < N- l . 
E. Summary o f s tock l e v e l condi t iona l t rans i t ion p r o b a b i l i t i e s . 
Expressions (l5)> ( 2 0 ) , and ( 2 4 ) , are summarized as f o l l o w s : 
m. . x 
P{D(N) > S) f or 0 < i < S, j=0 , and x=0; 
P{D(N)=S-j) f or 0 < i < S, 1 < j < S, and x=0; 
P(D(x) > i}P{D(N-x) > S- i ) •-
i 
+ ^ P { D ( x ) = i - h ) P ( D ( N - x ) > h+S-i) 
(25) 
h=l 
f or 0 < i < S, j=0, and 1 < x < N- l ; 
P{D(x) > i ) P { D ( N - x ) = S - i - j ) 
i 
+ ^P{D(x )= i -h )P{D(N-x )=h+S- i - t 3) 
h=l 
f or 0 < i < S, 1 < j < S, and 
1 < x < N- l . 
I I . Stock l e v e l uncondit ional t r ans i t ion p robab i l i t i e s .—The 
stock l e v e l uncondit ional t r ans i t ion p robab i l i t y element i s obtained by 
inse r t ing expression (25) in to expression ( l 4 ) . Therefore, 
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P { D ( N ) = S - J } P { x = 0 } + ^ P{D(x) > i } P { D ( N - x ) = S - i - j } (26) 
x=l 
1 - , 
+ ^ P { D ( x ) = i - h ) P { D ( N - x ) = S - i + h - j ) P{X=x} 
h=l 
for 0 < i < S and 1 < j < S, 
m. . =< 
N-l 
P(D(N) > S}P{X=0} + P(D(x) > i}P{D(N-x) > S- i ) 
x=l 
1 
+ ^ P { D ( x ) = i - h } P { D ( N - x ) > S-i+h) P{X=x} 
h=l 
fo r 0 < i < S and f j=0. 
The stat ionary p r o b a b i l i t i e s for the s tock l e v e l at the beginning 
o f the order c y c l e can be determined from expression (13) u t i l i z i n g the 
t r ans i t ion p r o b a b i l i t i e s o f expression ( 2 6 ) . 
Period Stock Level Stationary P r o b a b i l i t i e s 
The stat ionary p r o b a b i l i t i e s that the s tock l e v e l i s equal to h 
p r io r t o the demand in per iod r w i l l be denoted by a^ (h ) . These per iod 
s tock l e v e l p r o b a b i l i t i e s can be obtained from the per iod s tock l e v e l 
cond i t iona l s tat ionary p r o b a b i l i t i e s , a r ( h | x ) , corresponding to N mutually 
exc lus ive and exhaustive se t s , in conjunction with the p r o b a b i l i t y o f the 
s p e c i f i c replenishment lead time. That i s , 
N-l 
a r ( h ) = [ a r ( h | x ) ] P { X = x ] fo r 1 <, r <, N and h < S. (27) 
x=0 
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Period stock l e v e l cond i t iona l s tat ionary probab i l i t i e s .—The condi t iona l 
s ta t ionary p r o b a b i l i t i e s that the s tock l e v e l i s equal to h p r i o r to the 
demand in pe r iod r , given that the replenishment lead time i s x, are de­
noted by-a ( h | x ) . These cond i t iona l p r o b a b i l i t i e s w i l l be developed in 
terms o f the beginning s tock l e v e l p r o b a b i l i t i e s , a ( i ) , from the r e l a t i on ­
ship o f the per iod , r, within the c y c l e to the replenishment lead time, 
X=x. In th i s development, consider the cases corresponding to the three 
mutually exc lus ive and exhaustive se t s : r < x+1, r=x+l, and r > x+1. 
I . Case I : r < x+1.—The per iod s tock l e v e l condi t iona l probabi­
l i t i e s w i l l be developed by consider ing the sub-cases corresponding to 
the sub-sets obtained by dichotomizing th i s set in to the fo l lowing mutually 
exc lus ive and exhaustive sub-sets : h=0 and 1 '< h < S. 
A. Sub-case I : h=0.—A s p e c i f i c path in which the s tock l e v e l 
p r i o r to the demand in per iod r i s equal t o zero occurs i f the beginning 
stock l e v e l i s equal to i and i f the demand, D ( r - l ) , during the r - 1 
per iods i s equal to or greater than i . Therefore, the p robab i l i t y o f 
th i s s p e c i f i c path i s 
a ( i ) P { D ( r - l ) > i ) fo r 1 < r < x+1 < N and 0=i < S. (28) 
Figure 13 (page 55) i l l u s t r a t e s th i s general path. 
The beginning s tock l e v e l can be any o f the pos s ib l e values from 
0 to S i n c l u s i v e . Therefore, 
S 
a p ( h | x ) = ^ a ( i ) P { D ( r - l ) > i ) (29) 
1=0 





Fig. 13c General Stock Level Path for the Fixed Cycle 





Fig. 15. General Stock Level Path for the Fixed Cycle 




Fig. 14. General Stock Level Path for the 
Fixed Cycle Inventory Policy, Back°0rders Not 
Allowed, r <x+l and 1 < h < S 
S 
Fig. 16. General Stock Level Path for the 
Fixed Cycle Inventory Policy, Back-Orders Not 
Allowed, r> x+1 and l < h < S 
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B. Sub-ease I I : 1 < h < S.—A s p e c i f i c path in which the s tock 
l e v e l p r i o r t o the demand in per iod r i s equal to h occurs i f the be ­
ginning s tock l e v e l i s equal to i , fo r 0 < i < S, and i f the demand, 
D ( r - l ) , during the r - 1 per iods i s equal to i -h . Therefore, the proba­
b i l i t y o f th i s s p e c i f i c path i s 
a ( i ) P { D ( r - l ) = i - h } for 1 < r < x+1 < N and (30) 
1 < h < i < S. 
Figure 14 (page 55) i l l u s t r a t e s th i s general path. 
The beginning stock l e v e l can be any o f the pos s ib l e values from 
h to S i n c l u s i v e . Therefore, 
S 
a r ( h | x ) = ^ a ( i ) P { D ( r - l ) = i - h ) (31) 
i=h 
fo r 1 < r < x+1 < N and 1 < h < S. 
I I . Case I I : r=x+l.—The per iod s tock l e v e l cond i t iona l probabi­
l i t i e s w i l l be developed by considering the sub-cases corresponding to 
the sub-sets obtained by dichotomizing th i s set in to the fo l lowing mu­
tua l ly exc lus ive and exhaustive sub-sets : x=0 and 1 < x < j j_ i t 
A. Sub-case I : x=Q.—If the replenishment order i s r ece ived 
in zero time per iods , the s tock l e v e l p r io r to the demand in the f i r s t 
per iod i s instantaneously S items. Since S-i items, fo r 0 < i . < S, are 
ordered at the beginning o f the order c y c l e and rece ived in zero per iods , 
the s tock l e v e l at the beginning o f the f i r s t per iod i s i + ( S - i ) , or S. 
Therefore, 
a^hlo) = 8 h S . (32) 
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B. Sub-case I I : 1 < x •< N-l .—For the other cases o f 
1 < r=x+l < N, there i s the p o s s i b i l i t y that the demand during the r e ­
plenishment lead time i s greater than the beginning stock l e v e l . The 
cond i t iona l cumulative p r o b a b i l i t y d i s t r ibu t ion i s useful in obtaining 
an expression fo r th i s case . The s tock l e v e l p r i o r to the demand in 
per iod x+1 i s equal to or l e s s than some s p e c i f i e d value, say h, fo r 
0 < h < S, i f ( l ) the beginning s tock l e v e l i s equal to or greater than 
S-h items (causing a replenishment order o f h items or l e s s to be p laced) 
and i f ( 2 ) the demand, D(x) , during the replenishment lead time i s equal 
to or greater than S-h uni t s . An order for zero items i s considered 
meaningful. 
A lgebra i ca l ly , the previous argument i s as f o l l o w s . I f the b e ­
ginning s tock l e v e l i s i , fo r S > i > S-h, then S-i items are ordered. 
I f demand e x i s t s during the replenishment lead time such that D(x) > S-h, 
then the s tock l e v e l ju s t p r i o r to the r ece ip t o f the replenishment order 
i s max ( 0 , i - D ( x ) ) . I f D(x) > S-h, there are at most i - ( S - h ) items 
ava i lab le when the order i s r ece ived . By hypothesis i - ( S - h ) i s non-
negat ive . Therefore, i f Y denotes the number o f items ava i lab le af ter 
the replenishment order i s rece ived , then 
Y < [ i - ( S - h ) ] + ( S - i ) , (33) 
or Y < h. (34) 





From the above argument. 
A , , ( h | x ) = [ l - A ( S - h - l ) ] P { D ( x ) > S-h) for 1 < x+1 < N (36) 
and 0 < h < S. 
By the d e f i n i t i o n o f a d i sc re t e p robab i l i t y , 
a x + l ( h ' x ) = A x + l ( h ' x ) " A c + l ^ " 1 ' * ) " ( 5 7 ) 
Therefore, 
a + 1 ( h | x ) = [ l - A ( S - h - l ) ] P { D ( x ) > S-h) [\- (38) 
- [ l -A(S-h ) ]P{D(x ) > S-h+l) 
for 1 < x+1 < N and 0 < h < S. 
I I I . Case I I I : r > x+1.—The per iod s tock l e v e l cond i t iona l proba­
b i l i t i e s for th i s case w i l l be obtained in terms o f the per iod s tock 
l e v e l p r o b a b i l i t i e s when the replenishment order i s rece ived , a x + ^ ( h | x ) . 
Consider the sub-cases corresponding to the two mutually exc lus ive and 
exhaustive sub-sets obtained by dichotomizing th i s set in to h=0 and 
1 < h < S. 
A. Sub-case I : h=Q.—A s p e c i f i c path in which the s tock l e v e l 
p r io r t o the demand in per iod r i s equal t o zero occurs i f the s tock 
l e v e l af ter the replenishment order i s rece ived i s v and i f the demand, 
D ( r - x - l ) , during the r - ( x + l ) per iods i s equal to or greater than v. 
Therefore, the p r o b a b i l i t y o f th i s s p e c i f i c path i s 
[a + 1 ( v | x ) ] P { D ( r - x - l ) > v ] fo r 1 < x+1 < r < N, (39) 
0 < v <, S, and h=0. 
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Figure 15 (page 55) i l l u s t r a t e s th i s general path. 
The s t o c k . l e v e l when the replenishment order i s rece ived can be 
any o f the pos s ib l e values from 0 to S i n c l u s i v e . Therefore, 
a 
r 
( h | x ) = ^ = [ a x + 1 ( v | x ] P { D ( r - x - l ) > v) (40) 
v=G 
for. 1 < x+1 < r < N and h=0. 
B. Sub-case I I : 1 < h < S.--A s p e c i f i c path in which the s tock 
l e v e l p r i o r to the demand in per iod r i s equal to h occurs i f the s tock 
l e v e l af ter the replenishment order i s rece ived i s h+v'and i f the demand, 
D ( r - x - l ) , during the r - ( x + 1 ) per iods i s v. Therefore, the p robab i l i t y 
o f t h i s s p e c i f i c path i s 
[ a x + 1 ( h + v | x ] P { B ( r - x - l ) = v ] for 1 < x+1 < r < N, (kl) 
0 < h+v < S , a n d 1 < h < S. 
Figure 16 (page 55) i l l u s t r a t e s th i s general path. 
The s tock l e v e l when the replenishment order i s rece ived can be 
any o f the pos s ib l e values from h to S i n c l u s i v e . Therefore, 
S-h 
a ( h | x ) = ^ [ a x + 1 ( h + v | x ) ] P { B ( r - x - l ) = v } (42) 
r 
v=Q 
for 1 < x+1 < r < N and 1 < h < S. 
IV. Summary o f per iod s tock l e v e l condi t iona l s tat ionary proba­
b i l i t i e s . --Expressions (29)^ (31) , (32), (38), ( 4 0 ) , and (42 ) are summa­




a ( i ) P ( D ( r - l ) > i ) (43) 
fo r 1 < r ••< x+1 < N and h=0, 
^ a ( i ) P { l ) ( r - l ) = i - h } 
i=h 
f or 1 < r < x+1 < N and 1 < h < S, 
5 h S fo r l=r=x+l < N, 
a „ ( h | x ) [l-A( S-h-1) ]P{D(x) > S-h) I ; ;j ' 
- [ l -A(S-h ) ]P{D(x) > S-h+l) 
for 1 < r=x+l < N and 0 < h < S, 
X [ a x + l ( v ' x ) ] P { l ) ( r " X " l ) - v } 
v=0 
S-h 
for 1 < x+1 < r < W and h=0, . 
X t a x + 1 ( h + v | x ) ] p { D ( r - x - l ) = v ) 
v=0 
for 1 < x+1 < r < N and 1 < h < S. 
Period s tock l e v e l uncondit ional s tat ionary p robab i l i t i e s . - -The per iod 
stock l e v e l uncondit ional s tat ionary p r o b a b i l i t i e s , a^(h) , can be ob­
tained by inser t ing expression (43) in to expression (27). 
The beginning s tock l e v e l s tat ionary p r o b a b i l i t i e s and the per iod 
s tock l e v e l s tat ionary p r o b a b i l i t i e s developed in th i s sec t ion w i l l be 
used as the bas is fo r determining the measures o f e f fec t iveness for the 
f ixed c y c l e inventory p o l i c y under the hypothesis that back-orders are 
not al lowed. 
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Results 
The expressions for the stock l e v e l p r o b a b i l i t i e s for the f ixed 
c y c l e inventory p o l i c y have been developed under the hypothesis o f 
back-orders allowed and the hypothesis o f back-orders not allowed. The 
resu l t s o f th i s chapter w i l l be used in Chapter VII in the determination 
o f the measures o f e f fec t iveness required to a t ta in the primary o b j e c ­
t i v e o f the study. 
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CHAPTER IV 
STOCK LEVEL PROBABILITIES FOR THE ( s , S ) INVENTORY POLICY 
Introduction 
The o b j e c t i v e o f th i s chapter i s to develop mathematical expres­
sions for the s tock l e v e l p r o b a b i l i t i e s in terms o f relevant con t ro l l ed 
dec i s ion var iab les cha rac t e r i s t i c o f the ( s , S ) inventory p o l i c y and 
uncontrol led random va r i ab le s . The ( s , S ) inventory p o l i c y requires that 
a replenishment order be placed i f the beginning s tock l e v e l i s equal 
t o or l e s s than the lower order l e v e l , s. This order i s placed at the 
beginning o f a c y c l e composed o f a f ixed number o f per iods fo r a quantity 
equal t o the d i f fe rence between the order l e v e l , S, and the beginning 
s tock l e v e l , i . The relevant con t ro l l ed dec i s ion var iables are the o r ­
der l e v e l , S; the lower order l e v e l , s; and the number o f per iods , N, in 
the order c y c l e . The uncontrol led random var iables are the demand and 
the replenishment lead time. These s tock l e v e l p r o b a b i l i t i e s w i l l be 
developed separately for the hypotheses o f back-orders allowed and back-
orders not allowed. 
Under the ( s , S ) inventory p o l i c y , i t usual ly i s assumed that 
the demand, the replenishment lead time, or both are constant. The 
treatment o f the ( s , S ) inventory p o l i c y in th i s present study w i l l consider 
the demand and. the replenishment lead time as random var iab les obtained 
from any p r o b a b i l i t y d i s t r ibu t ion . The assumptions l i s t e d and discussed 
in Chapter I w i l l be used as a bas i s fo r the ana ly t i ca l development o f 
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the ( s , S ) inventory p o l i c y considered in th i s chapter. In-addi t ion, the 
replenishment lead time-is-assumed to he l e s s than the number-of per iods , 
N, in the order c y c l e . 
Back-Orders Allowed 
The o b j e c t i v e o f th i s sec t ion i s to develop expressions for the 
s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f back-orders al lowed. 
These expressions w i l l be in terms o f the demand and the replenishment 
lead time p r o b a b i l i t y d i s t r i bu t i ons ; the order l e v e l , S; the lower order 
l e v e l , s; and the number o f per iod , N, in the order c y c l e . 
When back-orders are allowed, unsa t i s f ied demands are deferred 
u n t i l s u f f i c i e n t s tock i s ava i l ab le . Under the ( s j S ) inventory p o l i c y 
a replenishment order i s p laced at the beginning o f each order cyc l e 
i f the beginning s tock l e v e l , i , i s equal to or l e s s than s; otherwise, 
no replenishment order i s p laced . The replenishment quentity ordered 
depends upon e i ther the d i f fe rence between the order l e v e l , . S, and ava i l ­
able s tock or upon the sum o f order l e v e l , S, and unsa t i s f ied demand. 
That i s , 
replenishment order = < 
0 fo r s < i ^ S 
S - ava i lab le s tock fo r 0 < i < s 
S + unsa t i s f ied demand for i < 0. 
(1) 
Beginning Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the beginning s tock l e v e l i s equal to i , 
a ( i ) , a f ter s t a t i s t i c a l equil ibrium i s attained, can be determined by 
so lv ing an i n f i n i t e Markov t rans i t ion matrix equation. 
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Markov t rans i t ion matrix equat ion.--A t rans i t ion from any beginning c y c l e 
s tock l e v e l , i , to any stock l e v e l , j , at the beginning o f the second 
order c y c l e , fo r i < S and j < 3, i s pos s ib l e as a consequence o f the 
( s , S ) ordering r u l e . Therefore, the t rans i t ion matrix, M=(m^) , i s 
e r g o d i c ; and the stat ionary p r o b a b i l i t i e s ex i s t and are unique. These 
s tat ionary p r o b a b i l i t i e s can be determined by solv ing the fo l lowing ma­
t r i x equation: 
a = a M, ( 2 ) 




m s , s ' m s , s - i • • m S , s • • m s,o 
m s - i , s m s - i> S-l • • m S - l , s • • • m s - i , o • 
= m s , S m s , s - i . . m s, s 
m o,s m o , s - i m~ 0, s • • mo,o 
(2b ) 
In the i n f i n i t e matrix, M, m. . i s the p robab i l i t y that the stock l e v e l 
i s j items at the beginning o f the subsequent c y c l e , given that the s tock 
l e v e l was i items at the beginning o f the present c y c l e . 
The subscript on ^ indica tes the second consecutive order c y c l e . 
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Stock l e v e l t r ans i t ion p r o b a b i l i t i e s . - - I n the development o f the s tock 
l e v e l t r ans i t ion p r o b a b i l i t i e s , consider the cases corresponding to the 
two mutually exc lus ive and exhaustive s e t s : s < i < S and i < s. 
. I . Case I : s < i < S.--No replenishment order i s p laced . Consider 
the sub-cases corresponding to the sub-sets obtained by dichotomizing 
th i s set in to the fo l lowing mutually exc lus ive and exhaustive sub-sets : 
i < j and j < i , fo r s < i < S and j < S . 
A. Sub-case I : i < j .-—Since no replenishment order i s placed, 
i t i s impossible that the beginning s tock l e v e l , j , o f the subsequent 
c y c l e i s greater than the beginning s tock l e v e l , i , o f the present c y c l e . 
Therefore, 
m. . = 0 fo r s < i < j < S . (3) 
B. Sub-case I I : j < i . - -Any s tock l e v e l , j , o f the subsequent 
c y c l e , fo r j < i , can be at tained i f the demand, D (N ) , during the ent i re 
c y c l e i s equal to i - j . That i s , 
m. .. = P{D(N)=i - j ] fo r s < i < S and j < i . (k) 
I I . Case I I : i < s.—There are e f f e c t i v e l y S items from which 
t o t a l demand during the order c y c l e i s made since ( l ) back-orders are 
allowed and (2) a l l replenishment orders are rece ived during the order 
c y c l e in which the order i s p laced . I f the demand during the replenish­
ment lead time exceeds the supply, as many o f the unsa t i s f ied demands 
as p o s s i b l e are s a t i s f i e d when the replenishment order i s r ece ived . I f 
there are any unsa t i s f ied demands at the end o f the order c y c l e , they 
are considered as a negative inventory s tock l e v e l . When i < s, the 
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beginning stock l e v e l fo r the subsequent order c y c l e i s dependent only 
upon the demand during the present order c y c l e and S. Therefore, 
m, . = P{D(N)=S-j] fo r j < S and i < s . ( 5 ) 
3- J 
I I I . Summary o f s tock l e v e l t r ans i t ion probab i l i t i e s .—The s tock 
l e v e l t r ans i t ion p r o b a b i l i t i e s are summarized from expressions (3), (4), 
and ( 5 ) as f o l l o w s : 
fo r i < j < S and s < i < S, (6) 
1 ^ = ^ P { D ( N ) = i - j ] f o r i > j and s < i < S, 
P{D(N)=S-j] f o r j < S and i < s. 
The stat ionary p r o b a b i l i t i e s fo r the s tock l e v e l at the beginning 
o f the order c y c l e can be determined from expression (2) u t i l i z i n g the 
t r ans i t ion p r o b a b i l i t i e s o f expression (6). 
Period Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the s tock l e v e l i s equal to h p r i o r to 
the demand in per iod r are denoted by a ^ h ) . These p r o b a b i l i t i e s w i l l 
be determined by combining the p r o b a b i l i t i e s o f two mutually exc lus ive 
and exhaustive se t s . That i s , 
P{s tock level=h p r i o r to demand in per iod r ) (7) 
= P{s tock level=h p r i o r t o demand in per iod r, s < i < S) 
+ P{s tock level=h p r i o r to demand in per iod r , i < s ] 
fo r 1 < r < N and h < S. 
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The p r o b a b i l i t i e s that the s tock l e v e l p r i o r t o the demand during per iod 
r i s equal to h and that the s tock l e v e l at the beginning o f the c y c l e 
was greater than s, but not in excess o f S, are denoted by a^^(h) . The 
p r o b a b i l i t i e s that the s tock l e v e l p r io r t o the demand during per iod r 
i s equal to h and that the s tock l e v e l at the beginning o f the c y c l e 
was equal t o or l e s s than s are denoted by a ^ ^ h ) . Therefore, 
a ( h ) = a ( h ) •+ a r 2 ( h ) for 1 < r <, N and h <, S. (8) 
Development o f • a r i ( h ) . — A s p e c i f i c path in which the s tock l e v e l i s 
equal to h p r i o r to the demand in per iod r occurs i f the beginning s tock 
l e v e l i s equal to i , fo r s < i < S, and i f the demand, D ( r - l ) , during 
the r - 1 per iods i s equal to i -h . The p robab i l i t y o f th i s s p e c i f i c path 
i s 
a ( i ) P ( D ( r - l ) = i - h } fo r 1 < r < N, s < i < S, and h < i . (9) 
The number o f p o s s i b l e paths depend upon the value o f h. Consider the 
cases corresponding to the two mutually exclus ive and exhaustive s e t s : 
s < h < S and h < s. 
I . Case I : s < h < S.—The beginning s tock l e v e l can be any o f 
the p o s s i b l e values from h to S i n c l u s i v e . Therefore, 
S 
a r l ( h ) = ^ a ( i ) P { D ( r - l ) = i - h ] fo r 1 < r < N (10) 
and s < h < S. 
I I - Case I I : h ,< s.—The beginning stock l e v e l can be any o f 
the pos s ib l e values from s+l-ito S i n c l u s i v e . Therefore, 
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a r l ( h ) = X a ( i ) P { D ( r - l ) = i - h ) for 1 < r < N and h < s. ( l l ) 
i=s+l 
I I I . Summary o f a r j ( h ) . - - E x p r e s s i o n s (10) and ( l l ) are summarized 
as f o l l o w s : 
D 
^ a ( i ) P { D ( r - l ) = i - h ) fo r 1 < r < N and s < h < S, (12) 
a r l ( H ) =< 
i=h 
S 
^ a ( i ) P { D ( r - l ) = i - h ) for 1 < r < N and h < s 
i=s+l 
L 
Development o f a r2(h).—The expression a ^ ( h ) w i l l he developed from 
the cond i t iona l s tock l e v e l p r o b a b i l i t i e s , a ^ 2 ( h | x ) , corresponding to N 
mutually exc lus ive and exhaustive sets in conjunction with the proba­
b i l i t y o f the s p e c i f i c replenishment lead time. That i s , 
r2 
N-l 
( h ) = ^ t a r 2 ( h | x ) ] P { X = x } for 1 < r < N and h < S. (13) 
x=0 
In th i s expression, a ^ ^ h l x ) i s the p robab i l i t y that the s tock l e v e l i s 
equal to h p r io r to demand in per iod r and that the beginning s tock l e v e l 
was equal to or l e s s than s, given that the replenishment lead time i s 
x pe r iods . 
I . Development o f ar2( nl x)•~~Th e condi t iona l p r o b a b i l i t i e s that the 
s tock l e v e l i s equal to h p r io r t o demand in per iod r and that the be­
ginning s tock l e v e l was equal to or l e s s than s, given that the replenish­
ment . lead time i s x per iods , are denoted by a ^ C h l x ) . 
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These condi t iona l p r o b a b i l i t i e s can be developed s imi la r ly to the develop­
ment o f the per iod s tock l e v e l cond i t iona l s tat ionary p r o b a b i l i t i e s for 
the f i xed cyc le inventory p o l i c y under the hypothesis o f back-orders 
al lowed. The only d i f fe rence i s that S i s replaced by s as an upper 
l i m i t f o r h and the p robab i l i t y o f s < h < S i s zero fo r r < x+1. The 
r e su l t ing expression i s summarized as f o l l o w s : 
a ( i ) P { D ( r - l ) = i - h ) (14) 
i=h 
a r 2 ( h | x ) = < 0 
for 1 < r < x+1 < N and h < s, 
fo r 1 < r < x+1 < N and s < h < S, 
JhS 
fo r l=r=x+l < N, 
P{D(x)=S-h} for 1 < x+1 < r < N and h < S. 
IT. Unconditional ar2(h).--The uncondit ional p r o b a b i l i t i e s that 
the per iod s tock l e v e l i s equal to h and that the beginning .stock l e v e l 
was equal to or l e s s than s, a^ 2(h)_, can be obtained by subst i tut ing ex­
pression ( l 4 ) in expression (l3)-
Period s tock l e v e l uncondit ional s tat ionary p r o b a b i l i t i e s . - - T h e per iod 
s tock l e v e l uncondit ional s tat ionary p r o b a b i l i t i e s can be obtained by 
inser t ing expressing (12) and (13) in to expression (8). 
The beginning stock l e v e l s tat ionary p r o b a b i l i t i e s and the per iod 
s tock l e v e l s tat ionary p r o b a b i l i t i e s developed in th is sec t ion w i l l be 
used as the bas i s fo r determining the measures o f e f fec t iveness for the 
( s , S ) inventory p o l i c y under the hypothesis that back-orders are allowed. 
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Back-Orders Not Allowed 
The o b j e c t i v e o f th i s sec t ion i s to develop expressions fo r the 
s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f back-orders not al lowed. 
These expressions w i l l be in terms o f the demand and the replenishment 
lead time p r o b a b i l i t y d i s t r i bu t i ons ; the order l e v e l , S; the lower order 
l e v e l , s; and the number o f per iods , N, in the order c y c l e . 
When back-orders are not allowed, demand in excess o f avai lable 
s tock i s l o s t i f not s a t i s f i e d instantaneously by p r i o r i t y ac t ion . 
Under the ( s , S ) inventory p o l i c y a replenishment order i s placed at the 
beginning o f each order c y c l e i f the beginning stock l e v e l , i , i s equal 
to or l e s s than s; otherwise, no replenishment order i s p laced . The re ­
plenishment quantity ordered depends upon the d i f fe rence between the 
order l e v e l , S, and avai lable s tock . That i s , 
j o fo r s < i < S, ( 15 ) 
replenishment order =< 
Is - ava i lab le s tock for 0 < i < s. 
Beginning Stock Level Stationary Probabi l i t i e s 
The p r o b a b i l i t i e s that the beginning stock l e v e l i s equal t o i , 
a ( i ) , af ter s t a t i s t i c a l equil ibrium i s attained, can be determined by 
so lv ing a f i n i t e Markov t rans i t ion matrix equation. 
Markov t r ans i t ion matrix equation.—A t rans i t ion from any beginning 
c y c l e s tock l e v e l , i , to any stock, l e v e l , j , at the beginning o f the 
second order c y c l e , for 0 < i < S and 0 < j ^ < S, i s pos s ib l e as a con­
sequence o f the ( s , S ) ordering ru le . Therefore, the t r ans i t ion matrix, 
The subscript on j p ind ica tes the second consecut ive order c y c l e . 
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M = ( m . . ) , i s e rgod i c ; and the s tat ionary p r o b a b i l i t i e s can be determined 
by so lv ing the fo l lowing matrix equation: 
a = a M, ( 1 6 ) 
where a = [ a (S ) , a ( S - l ) . a ( s ) , a ( s - l ) , o . . , a ( l ) , a( 0 ) ],, 
( 1 6 A ) 
and M 
m S , S m S , S - l 
m S - l 9 S m S - l , S - l 
S , b S , b - 1 
m 0 , S m 0 , S-l 
m. 
m S- l , s 
m s, s 
m 0 , s 
m S , 0 
J S - 1 , 0 
m s,Q 
m 0,0 
In the f i n i t e matrix, M,.m„ „ i s the p robab i l i t y that the s tock l e v e l i s 
J items at the beginning o f the subsequent c y c l e given that the s tock 
l e v e l was i items at the beginning o f the present c y c l e . 
Stock l e v e l t rans i t ion p r o b a b i l i t i e s . - - I n the development o f the t rans i ­
t i on p r o b a b i l i t i e s , consider the cases corresponding to the two mutually 
exc lus ive and exhaustive s e t s : s < i < S and 0 < i < s. 
I . Case I : s < i < S.--No replenishment order i s p laced . Consi­
der the sub-cases corresponding to the sub-sets obtained by t r i c h o t o -
mizing th i s set in to the sub-se ts : J = 0 , 1 < J < i , and i < J < S. 
A. Sub-case Is j=0.--The s tock l e v e l at the beginning o f the sub­
sequent c y c l e i s equal to zero i f the demand, D(N), during the en t i re c y c l e 
i s equal to or greater than i . Therefore, 
m. . = P{D(N) > i ) fo r j=0 and s < i < S. (17) 
1 <3 
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B. • Sub-case I I : 1 < j < 1.—The s tock l e v e l at the beginning 
o f the subsequent c y c l e i s equal t o j i f the demand, D(N), during the 
en t i re c y c l e i s equal t o i - j . Therefore, 
m . . = P { D ( N ) = i - j ] fo r 1 < j < i and s < i < S. (l8) 
i J 
C. Sub-case I I I : i < j < S.—Since no replenishment order i s 
p laced, i t i s impossible that the beginning s tock l e v e l , j , o f the sub­
sequent c y c l e i s greater than the beginning stock l e v e l , i , o f the 
present c y c l e . Therefore, 
m. . = 0 fo r i < j < S and s < i < S. (19) 
i J 
D. Summary o f Case I . - -The uncondit ional t r ans i t ion p r o b a b i l i ­
t i e s , m. . , fo r s < i < S and 0 < j < S, are summarized from expressions 
-̂ J 
(17) , (18), and (19) as f o l l o w s : 
P{D(N) > i ] fo r s < i < S and j=0, (20) 
m i j = ^ P W N ) = I - ^ for s < i < S and 1 < j < i < S, 
0 fo r s < i < S and i < j < S. 
I I . Case I I : 0 < i < s.—The s tock l e v e l t r ans i t ion p r o b a b i l i t i e s , 
m. . fo r 0 < i < s and 0 < j < S, can be developed s imi la r ly t o the 
development o f the s tock l e v e l t r ans i t ion p r o b a b i l i t i e s for the f ixed 
c y c l e inventory p o l i c y under the hypothesis o f back-orders not al lowed, 
except that the upper bound fo r the s tock l e v e l at the beginning o f the 
present c y c l e i s s rather than S. The resu l t ing expression i s summarized 
as f o l l o w s : 
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N-l 
P{D(N) > S}P{X=0} + ^ P{D(x) > i}P{D(N-x) > S- i ) 
x=l 
i . 
+ ^ P { D ( x ) > i -h}p{D(N-x)=h+S-i ) P{X=x) 
h=l 
for 0 < i < s and j=0, 
N-l 
P{D(N)=S-j}P{X=0} + P{D(x) > i ) P { D ( N - x ) = S - i - j } 
x=l 
l - i 
+ ^ P { D ( x ) = i - h } P { D ( N ^ x ) = h + S - i - j ) P{X=x) 
h=l 
for 0 < i < s and 1 < j < S. 
(21) 
The stat ionary p r o b a b i l i t i e s for the s tock l e v e l at the beginning 
o f the order c y c l e can be determined from expression (l6) u t i l i z i n g the 
t r ans i t ion p r o b a b i l i t i e s from expressions (20) and (2l) . 
Period Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the s tock l e v e l i s equal to h p r io r to 
demand in per iod r are denoted by a^ (h) . These p r o b a b i l i t i e s w i l l be 
determined by combining the p r o b a b i l i t i e s o f two mutually exc lus ive and 
exhaustive se t s . That i s , 
P{s tock level=h p r io r t o demand in per iod r ) (22) 
= P{s tock level=h p r io r t o demand in per iod r, s < i < S) 
+ P{s tock level=h p r io r to demand in per iod r , 0 < i < s } , 
fo r 1 < r < N and 0 < h < S. 
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The p r o b a b i l i t i e s that the s tock l e v e l p r io r to the demand during 
per iod r i s equal t o h and that the inventory at the beginning o f the 
c y c l e i s greater than s, but not in excess o f S, are denoted by a ^ ( h ) . 
The p r o b a b i l i t i e s that the s tock l e v e l p r io r t o the demand during 
per iod r i s equal to h and that the inventory at the beginning o f the 
c y c l e i s equal t o or l e s s than s, hut non-negative, are denoted by 
a ~ ( h ) . Therefore, r2 ' 
a ( h ) = a r l ( h ) + a g ( h ) for 1 < r < N and 0 < h < S. (23) 
Development o f a^^(h) . - -Consider the cases corresponding to the three 
mutually exc lus ive and exhaustive s e t s : s < h < S, 1 < h < s, and h—0. 
I . Case I : s < h <, S.--A s p e c i f i c path in which the s tock l e v e l 
i s equal to h p r i o r t o the demand in per iod r occurs i f the beginning 
s tock l e v e l i s equal to i , fo r s < i < S, and i f the demand, D ( r - l ) , 
during the r -1 per iods i s equal t o i -h . The p robab i l i t y o f t h i s specif­
i c path i s 
a ( i ) P { D ( r - l ) = i - h ) fo r 1 < r < N, s < i < S, (24) 
and 0 < h < i . 
The beginning stock l e v e l can be any o f the pos s ib l e values from 
h to S i n c l u s i v e . Therefore, 
a^Ch) = X a ( i ) p W r - 1 ) = i - n } fo r 1 < r < N ( 2 5 ) r r 
i=h 
and s < h < S« 
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I I . Case I I : 1 < h < s . - -This case i s s imilar to Case I except 
that the beginning s tock l e v e l can be any o f the poss ib l e values from 
s+1 to S i n c l u s i v e . Therefore, 
t r l ( h ) = ^ a ( i ) P { D ( r - l ) = i - h } for 1 < r < N (26) 
h=s+l 
and 1 < h < s. 
I I I . Case I I I : h=Q.--A s p e c i f i c path in which the s tock l e v e l 
i s equal to zero p r io r to the demand in per iod r occurs i f the demand, 
D ( r - l ) , during the r -1 per iods i s equal to or greater than the beginning 
c y c l e s tock l e v e l , i . The beginning s tock l e v e l can be any o f the poss i ­
b l e values from s+1 to S i n c l u s i v e . Therefore, 
i r l ( h ) = ) a ( i ) P { D ( r ~ l ) > i } for 1 < r < N (27) 
i=s+ l 
and h=0. 
IV. Summary o f a r l ( h ) . — E x p r e s s i o n s (25), (26) and (27) are 
summarized as f o l l o w s : 
c s 




a r l ( h ) a ( i ) p { D ( r - l ) = i - h } for 1 < r < N and 1 < h < 
i=s+ l 
S 
a ( i ) P { D ( r - l ) > i } for 1 < r. < N and h=0. 
i=s+l 
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Development o f a r 2(h ) • - -The expression, a 2 ( h ) , w i l l he developed from 
the condi t iona l s tock l e v e l p r o b a b i l i t i e s , a 2 ( h | x ) , corresponding to 
N mutually exc lus ive and exhaustive se ts , in conjunction with the proba­
b i l i t y o f the s p e c i f i c replenishment lead time. That i s , 
N-l 
a r 2 ( h ) = [ a r 2 ( h [ x ) ] P { X = x ] for 1 < r < N (29) 
x = 0 and 0 < h < S. 
In th i s expression, a ^ 2 ( h | x ) i s the p robab i l i t y that the stock l e v e l 
i s equal to h p r i o r to the demand in per iod r and that the beginning 
s tock l e v e l i s equal to or l e s s than s, given that the replenishment 
lead time i s x per iods . 
I . Development o f ar2( n f x ) . - - T h e condi t iona l s tock l e v e l proba­
b i l i t i e s that the stock l e v e l i s equal to h p r io r to the demand in per iod 
r and that 0 < i < s, given that the replenishment lead time i s x per iods , 
are denoted by a 2 ( h | x ) . These p r o b a b i l i t i e s w i l l be developed in terms 
o f the beginning s tock l e v e l s tat ionary p r o b a b i l i t i e s , a ( i ) , from the 
re la t ionsh ip o f the per iod, r, within the order c y c l e to the replenish­
ment lead time, X=x. In th i s development, consider the cases correspond­
ing to the three mutually exc lus ive and exhaustive se t s : 
A. Case I : r < x+1.--The s tock l e v e l condi t iona l p r o b a b i l i t i e s , 
a g ( h | x ) , w i l l be developed by considering the sub-cases corresponding 
to the sub-sets obtained by t r ichotomizing th i s set into the fo l lowing 
mutually exclus ive and exhaustive sub-sets : h-0, 1 < h < s, and 
s < h < S. 
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1. Sub-case I : b=0.--A s p e c i f i c path in which the stock 
l e v e l p r i o r to the demand in per iod r i s equal to zero occurs i f the 
beginning stock l e v e l i s equal to i and i f the demand, D ( r - l ) , during 
the r -1 per iods i s equal to or greater than i . Therefore, the proba­
b i l i t y o f th i s s p e c i f i c path i s 
a ( i ) P ( D ( r - l ) > i ) fo r 1 < r < x+1 < N, 0 < i < s, (30) 
and h=0. 
Figure 13 (page 55) i l l u s t r a t e s a similar path for the f ixed c y c l e in­
ventory p o l i c y . 
The beginning stock l e v e l can be any o f the poss ib l e values from 
0 to s i n c l u s i v e . Therefore, 
S 
a r 2 ( h | x ) = ^Ta ( i )P{D( r - l ) > ±<) for 1 < r < x+1 < N (31) 
i=0 
and h=0. 
2 . Sub-case I I : 1 < h < S . - -A s p e c i f i c path in which the 
s tock l e v e l p r io r to the demand in per iod r i s equal to h occurs i f the be ­
ginning stock l e v e l is equal to i, fo r 1 < h < i < s, and i f the demand, 
D ( r - l ) , during the r -1 per iods i s equal to i -h . Therefore, the proba­
b i l i t y o f th i s s p e c i f i c path i s 
a ( i ) P { D ( r - l ) = i - h ) fo r 1 < h < i < s (32) 
and 1 < r < x+1 < N. 
Figure 14 (page 55) i l l u s t r a t e s a similar path for the f ixed c y c l e inven­
to ry p o l i c y . 
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The beginning stock l e v e l can be any o f the poss ib l e values 
from h to s i n c l u s i v e . Therefore, 
a r2 
s 
( h | x ) = ^ a ( i ) P { D ( r - l ) = i - h ) fo r 1 < h < s and (33) 
i=h 
1 < r < x+1 < N. 
3. Sub-case I I I : s < h < S.—Since the beginning stock 
l e v e l i s no greater than s and since the replenishment order has not 
been rece ived , i t i s impossible that the s tock l e v e l at the beginning 
o f per iod r i s greater than s. Therefore, 
a r 2 ( h | x ) = 0 f or 1 < r < x+1 < N, 0 < i < s, and (34) 
s < h < S. 
B. Case I I : r=x+l . - -The s tock l e v e l condi t iona l p r o b a b i l i t i e s 
fo r th i s case w i l l be developed by considering the sub-cases corresponding 
to the sub-sets obtained by dichotomizing th i s set in to the fo l lowing 
mutually exc lus ive and exhaustive sub-sets : x=0 and 1 < x < N- l . 
1 . Sub-case I : x = Q . - - I f the replenishment order i s r e ­
ce ived in zero time per iods , the stock l e v e l p r io r to the demand in the 
f i r s t per iod i s instantaneously S items. Therefore, 
a l , 2 ( h l 0 ) " 8 hS- ( 5 5 ) 
2 . Sub-case I I : 1 < x < N-l.--When the replenishment lead 
time i s p o s i t i v e , there i s the p o s s i b i l i t y that the demand during the 
replenishment lead time i s greater than the quantity o f items in the 
beginning s tock . Consider the sub-cases corresponding to the sub-sets 
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obtained by dichotomizing th i s case in to the fo l lowing mutually exc lus ive 
and exhaustive sub-se ts : S > h > S-s and S-s > h > 0. 
a. Sub-case IIA: S > h > S-s.—The condi t iona l cumulative 
p r o b a b i l i t y d i s t r ibu t ion w i l l be useful in obtaining an expression fo r 
t h i s sub-case. The stock l e v e l at the beginning o f per iod r , fo r 
r=x+l , i s equal t o or l e s s than some s p e c i f i e d value, say h, fo r 
S > h > S-s, i f ( l ) the s tock l e v e l at the beginning o f the order c y c l e 
i s equal to or greater than S-h items, but not greater than s i tems; 
and i f (2) the demand during the replenishment lead time, D(x ) , i s equal 
to or greater than S-h items. As a consequence o f the beginning s tock 
l e v e l , a replenishment order i s placed for no more than h items, but 
fo r at l e a s t S-s i tems. 
A lgebra i ca l ly , the previous argument i s as f o l l o w s . I f the be ­
ginning s tock l e v e l i s i where S-h < i < s, then S-i items are ordered. 
I f demand ex i s t s during the replenishment lead time such that D(x) > S-h, 
then the s tock l e v e l ava i lab le p r io r to the r ece ip t o f the replenishment 
order i s max (0, i - D ( x ) ) . I f D(x) > S-h, there are at most i - ( S - h ) items 
ava i lab le when the order i s r ece ived . By hypothesis i - ( S - h ) i s non-
negat ive . Therefore, i f Y denotes the number o f items ava i lab le af ter 
the replenishment order i s rece ived , then 
Y < [ i - ( S - h ) ] + ( S - i ) fo r S-h < i < s and s > h > S-s, (36) 
or Y <, h for S > h > S-s. (37) 
The fo l lowing cumulative p robab i l i t y functions are defined: 
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S-h-1 h 
A ( S - h - l ) = X a ( i ) and A r 2 ( h | x ) = ^ a r 2 ( i | x ) (38) 
i=0 i=0 
fo r 1 < r = x+1 < N and 0 < h < S. 
From the above argument, 
A x + 1 ^ ( h | x ) = [A(s) - A ( S - h - l ) ] P { D ( x ) > S-h) (39) 
fo r 1 < x+1 < N and S > h > S-s. 
By the d e f i n i t i o n o f a d i sc re t e p robab i l i t y , 
f o r 1 < r=x+l < N and S > h > S-s, 
where A g ( S - s - l | x ) = 0 by d e f i n i t i o n . 
Therefore, 
a x + 1 ^ 2 ( h | x ) = [A(s) - A( S-h-1) ]P{D(x) > S-h} 
. -;.[A(s) - A(S-h)JP{Dtx). > S-h+l} . (4l) 
for 1 < x+1 < N and S > h > S-s. 
h . Sub-case IIB: S-s > h > 0.—Since the development o f 
a ^ 2 ( h { x ) imples that the beginning s tock l e v e l i s equal to ore l e s s than 
s, there are at the minimum S-s items in the replenishment order . There­
fo re , the quantity o f items avai lab le when the replenishment order i s 
rece ived i s no smaller than the minimum replenishment order, S-s. That 
i s , 
a r 2 ( h [ x ) = 0 for 1 < r=x+l < N and 0 < h < S-s. (42) 
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C. Case I I I : r > x+1.—The per iod s tock l e v e l condi t iona l 
p r o b a b i l i t i e s for th i s case w i l l be obtained in terms o f the s tock l e v e l 
p r o b a b i l i t i e s when the replenishment order i s rece ived , a x + 1 ( h | x ) . Con­
s ider the sub-cases corresponding to the mutually exclus ive and exhaus­
t i v e sub-sets obtained by t r ichotomizing th i s set in to h=0, 1 < h < S-s, 
and S-s < h £ S. 
1. Sub-case I : h=0.—A s p e c i f i c path in which the s tock 
l e v e l at the beginning o f per iod r i s equal t o zero occurs i f the s tock 
l e v e l af ter the replenishment order i s r ece ived i s v and i f the demand, 
D ( r - x - l ) , during the r - ( x + l ) per iods i s equal to or greater than v. 
Therefore, the p robab i l i t y o f th i s s p e c i f i c path i s 
[a ( v | x ) ] P { D ( r - x - l ) > v) for 1 < x+1 < r < N (43) 
X + ± , d. 
and S-s < v < S. 
Figure 15 (page ) i l l u s t r a t e s a similar path for the f ixed c y c l e 
inventory p o l i c y . 
The range o f v begins with S-s since th i s quantity i s the mini­
mum order quantity with the ( s , S ) inventory p o l i c y . The s tock l e v e l 
when the replenishment order i s rece ived can be any o f the pos s ib l e 
values from S-s to S i n c l u s i v e . Therefore, 
S 
a r 2 ( h | x ) = Y t a x + 1 ^ 2 ( v | x ) ] P { D ( r - x - l > v ] (44) 
v=S-s 
fo r 1 < x+1 < r < N. and h=0. 
2. Sub-case I I : 1 < h < S-s.—A s p e c i f i c path in which the 
s tock l e v e l p r io r to the demand in per iod r i s equal t o h occurs i f the 
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s tock l e v e l af ter the replenishment order i s rece ived i s h+v and 
i f the demand, D ( r - x - l ) , during the r - ( x + l ) per iods i s v. Therefore, 
the p r o b a b i l i t y o f t h i s s p e c i f i c path i s 
[a ( h + v | x ) ] P { D ( r - x - l ) = v ) fo r 1 < x+1 < r < N, (45 ) 
v > 0, S-s < h+v <: v < S, and 1 < h < S-s. 
Figure l6 (page 55) i l l u s t r a t e s a s imilar path fo r the f ixed c y c l e 
inventory p o l i c y . 
Poss ib le values o f the s tock l e v e l (h+v) when the replenishment 
order i s rece ived are from S-s t o S i n c l u s i v e . Therefore, 
a r 2 ( h | x ) = 2^ t a x + 1 2 ( h + v | x ) ] P { D ( r - x - l ) = v ] (46) 
v=S-s-h 
fo r 1 < x+1 < r < N and 1 < h < S-s. 
3. Sub-case I I I : S-s < h < S.—This sub-case i s s imilar 
to Sub-case I I . However, poss ib l e values fo r the s tock l e v e l (h+v) 
when the replenishment order i s rece ived are from h to S i n c l u s i v e . 
Therefore, 
a r 2 ( h | x ) - ^ [ a x + 1 ^ 2 ( h + v | x ) ] p { D ( r - x - l ) = v ] (4?) 
v=0 
for 1 < x+1 < r < N and S-s < h < S. 
D. Summary o f a r 2 ( h I x ) . — E x p r e s s i o n s (31) , (33), (34), (35), 
(4l), (42), (44), (46)^ and (47) are summarized as f o l l o w s : 
s 
^ a ( i ) P { D ( r - l ) > i ) (48) 
i=0 
for 1 < r < x+1 < N and h=0. 
s 
^ a ( i ) P { D ( r - l ) = i - h ) 
i=h 
for 1 < r < x+1 < N and 1 < h < s, 
for 1 < r < x+1 < N and s < h < S, 
0 fo r 1 = r = x+1 < N, no 
[ A ( s ) - A ( S - h - l ) ] P { D ( x ) > S-h] 
- [A(s ) -A(S-h) ]P{D(x) > S-h+l) 
for 1 < r = x+1 < N and S-s < h < S, 
0 f o r 1 < r = x+1 < N and 0 < h < S-s, 
S 
Z t a x + l , 2 ( v | x ) ] P ( D ( r - X " l ) " V } 
v=S-s 
for 1 < x+1 < r < N and h=0, 
S-h 
Z [ a x + 1 2 ^ h + v l x ^ P ^ r " x " 1 ^ - v } 
v =S-s -h 
for 1 < x+1 < r < N and 1 < h < S-s, 
S-h 
X t a x + l 2 ( h + v l x ) ^ p ( D ( r - x - 1 ) = v 3 
v=0 
for 1 < x+1 < r < N and S-s < h < S. 
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I I . Unconditional a r 2 ( h ) . - - T h e uncondit ional p r o b a b i l i t i e s that 
the per iod s tock l e v e l i s equal to h and that a replenishment order i s 
placed, a g ( h ) , can be obtained by subst i tut ing expression (48) in to ex­
press ion (29). 
Period s tock l e v e l uncondit ional s tat ionary p robab i l i t i e s . - -The per iod 
s tock l e v e l s tat ionary p r o b a b i l i t i e s developed in th i s sec t ion w i l l be 
used as the bas i s for determining the measures o f e f fec t iveness fo r the 
( s , S ) inventory p o l i c y under the hypothesis that back-orders are not 
al lowed. 
Results 
The expression for the s tock l e v e l p r o b a b i l i t i e s for the ( s , S ) 
inventory p o l i c y have been developed under the hypothesis o f back-orders 
allowed and the hypothesis o f back-orders not allowed. The resul t s o f 
th i s chapter w i l l be used in Chapter VII in the determination o f the 




LENGTH-OF-CYCLE PROBABILITIES AND STOCK LEVEL PROBABILITIES 
FOR THE VARIABLE CYCLE INVENTORY POLICY 
Introduction 
The ob j ec t i ve o f th i s chapter i s to develop mathematical ex­
pressions fo r the l e n g t h - o f - c y c l e p r o b a b i l i t i e s and the s tock l e v e l 
p r o b a b i l i t i e s in terms o f relevant con t ro l l ed dec i s ion var iables 
cha rac t e r i s t i c o f the var iable c y c l e inventory p o l i c y and uncontrol led 
random va r i ab le s . The var iab le c y c l e inventory p o l i c y requires that a 
replenishment order be placed at the beginning o f the f i r s t per iod in 
which the s tock l e v e l i s equal to or below the reorder po in t . This 
order i s for a quantity equal to the d i f fe rence between the order 
l e v e l , S, and the beginning s tock l e v e l , i . The relevant con t ro l l ed 
dec i s ion var iab les are the order l e v e l , S, and the reorder po in t , RP. 
The uncontrol led random var iables are the demand and replenishment lead 
time. That the number o f per iods between successive replenishment orders 
i s var iab le fo l lows from the random features o f the demand and o f the 
replenishment lead time. These s tock l e v e l p r o b a b i l i t i e s w i l l be devel ­
oped separately for the hypothesis o f back-orders allowed and fo r the 
hypothesis o f back-orders not al lowed. 
This inventory p o l i c y i s s imilar to a p o l i c y often designated 
as the f ixed quantity inventory p o l i c y . Under the f ixed quantity inven­
tory p o l i c y , i t i s assumed that s tock l e v e l survei l lance i s continuous, 
that a replenishment order can be placed at any time with the vendor, 
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and that each demand i s fo r only one item. The treatment o f the var iab le 
c y c l e inventory p o l i c y in the present study w i l l eliminate these usual 
assumptions. The assumptions l i s t e d and discussed in Chapter I w i l l be 
used as a bas i s fo r the ana ly t i ca l development o f the var iable c y c l e in­
ventory p o l i c y considered in th i s chapter. The replenishment lead time 
i s assumed to be equal t o or l e s s than K pe r iods . Also , the demand during 
any per iod i s assumed to be l e s s than (S-RP)/K with p robab i l i t y equal t o 
one. Therefore, no replenishment order i s placed while the previous or ­
der i s outstanding. 
The o b j e c t i v e o f th i s sec t ion i s to develop expressions for the 
l e n g t h - o f - c y c l e p r o b a b i l i t i e s under the hypothesis o f back-orders al lowed. 
These p r o b a b i l i t i e s w i l l be developed in terms o f the demand p robab i l i t y 
d i s t r i b u t i o n ; the order l e v e l , S; and the reorder po in t , KP. 
When back-orders are allowed, unsa t i s f ied demands are deferred 
u n t i l s u f f i c i e n t s tock i s ava i l ab le . Under the var iable c y c l e inventory 
p o l i c y a replenishment order i s placed at the end o f the f i r s t per iod 
in which the s tock l e v e l i s equal to or below the reorder po in t , RP. 
The replenishment quantity ordered depends e i ther upon ( l ) the d i f f e r ­
ence between order l e v e l , S, and avai lable s tock or upon (2) the sum o f 
unsa t i s f ied demand and order l e v e l , S. Therefore, 
Length-of-Cycle P r o b a b i l i t i e s , Back-Orders-Allowed 
replenishment order >= 
+ unsa t i s f ied demand for i < 0. 
- avai lable s tock for i > 0, ( l ) 
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The random var iab le , ft, denotes the length o f the var iable order 
c y c l e , and ov = K+l, K+2, . . . are the values which th i s random var iab le 
assumes. The p robab i l i t y that the random variable;, ft, i s equal to o j 
per iods i s expressed by P{ftz=u>}. 
A s p e c i f i c path in which the number o f per iods within the var iable 
length order c y c l e i s equal t o a> occurs i f demand during the f i r s t - 0 5 - 1 
per iods i s equal t o v, fo r 0 < v < S-RP-1, and i f demand during the 
next per iod i s equal t o or greater than S-RP-y. The p robab i l i t y o f th i s 
s p e c i f i c path i s 
P{D(a)- l )=v}P{D(l) > S-RP-v) f o r - K < o j and (2) 
0 < v < S-RP-1. 
Demand during the f i r s t o j - 1 per iods can be any o f the pos s ib l e 
values from 0 to S-RP-1 i n c l u s i v e . Therefore, 
S-RP-1 
p{ft=cjD) = Y P { D ( ^ - l ) = v ) P { D ( l ) > S-RP-v) fo r K < c d . (3) 
v=0 
The above expression fo r the l e n g t h - o f - c y c l e p r o b a b i l i t i e s w i l l 
be used ( l ) in the development o f the s tock l e v e l p r o b a b i l i t i e s in the 
subsequent sec t ion and (2) in the determination o f the measures o f e f f e c ­
t iveness fo r the var iable c y c l e inventory p o l i c y under the hypothesis 
o f back-orders al lowed. 
Stock Level P r o b a b i l i t i e s , Back-Orders Allowed 
The o b j e c t i v e o f th i s sec t ion i s to develop expressions for the 
s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f back-orders al lowed. 
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These p r o b a b i l i t i e s w i l l be developed in terms o f the demand and the 
replenishment lead time p robab i l i t y d i s t r i bu t i ons ; the order l e v e l , S; 
and the reorder po in t , RP. The beginning s tock l e v e l p r o b a b i l i t i e s w i l l 
be uncondi t ional ; however, the per iod s tock l e v e l p r o b a b i l i t i e s w i l l 
be developed upon the condi t ion o f a s p e c i f i c length o f c y c l e . 
Beginning Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the beginning s tock l e v e l i s equal to i , 
a ( i ) , a f ter s t a t i s t i c a l equil ibrium i s attained, w i l l be determined by 
so lv ing an i n f i n i t e Markov t rans i t ion matrix equation. 
Markov t r ans i t ion matrix equat ion.--A t rans i t ion from any beginning 
c y c l e s tock l e v e l , i , to any s tock l e v e l , j , at the beginning o f the 
subsequent var iab le length c y c l e , fo r i < RP and j < RP, i s pos s ib l e 
as a consequence o f the ordering r u l e . Therefore, the t r ans i t ion matrix, 
M = ( m i ( j ) j i s regular ; and the stat ionary p r o b a b i l i t i e s e x i s t and are 
unique. These stat ionary p r o b a b i l i t i e s w i l l be determined by so lv ing 
the fo l lowing matrix equation: 
a = a M, 
where a = [a(RP), a (RP- l ) , . . . , a ( 0 ) , . . . ] , (4a) 
^ P ^ P ^ R P ^ P - l ^ , 0 (4b) 
^RP-^RP "'RP-l, RP-1 ^ - 1 , 0 
and M = 
m, 0,RP 0,RP-1 
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In the i n f i n i t e matrix, M, m„ . i s the p robab i l i t y that the s tock l e v e l 
i s j items at the beginning o f the subsequent var iab le length c y c l e , 
given that the s tock l e v e l was i items at the beginning o f the present 
var iab le length c y c l e . 
Stock l e v e l t r ans i t ion p robab i l i t i e s .—The s tock l e v e l t rans i t ion proba­
b i l i t y , m . . , w i l l be obtained from the j o i n t s tock l e v e l t rans i t ion 
p r o b a b i l i t y elements, m ^ c o , fo r <x> = K+l, K+2, . .,. . The j o i n t s tock 
l e v e l t r ans i t ion element, m. . i s the p robab i l i t y that the s tock l e v e l 
at the beginning o f the subsequent c y c l e i s j items and that the number 
o f per iods in the var iab le length c y c l e i s o>, given that the s tock l e v e l 
at the beginning o f the present var iable length c y c l e i s i items. The 
random var iab le , ft, corresponds to the number o f per iods in the var iable 
length c y c l e and <x> = K+l, K+2, . . . are the values which th i s random 
var iab le assumes. The events ft = o> are mutually exclus ive and exhaus­
t i v e , . and the j o i n t s tock l e v e l t r ans i t ion p r o b a b i l i t i e s can be added. 
Therefore, 
A s p e c i f i c path in which the s tock l e v e l at the beginning o f the 
subsequent c y c l e i s equal to j and in which the number o f per iods in 
the var iable length c y c l e i s equal to co occurs i f demand during the f i r s t 
C D - I per iods i s equal to v, fo r 0 < v < S-RP-1, and i f demand during the 
next per iod i s equal to S - v - j . The p robab i l i t y o f t h i s s p e c i f i c path 
i s 
0 0 
fo r i and j < RP. ( 5 ) 
co=K+l 
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P{D(co- l )=v)P{D( l )=S-v- j ) fo r K.<a), 0 < v < S-RP-1, (6) 
and j < RP. 
Demand during the f i r s t u>-l per iods can he any o f the pos s ib l e 
values from 0 to S-RP-1 i n c l u s i v e . Therefore, 
S-RP-1 
m. . = ) P { D ( o ^ l ) = v } P { D ( l ) = 3 - v - j } ( ? ) l J,^ Z_j 
v=0 
fo r K < c j d , i < RP, and j < RP. 
The s tock l e v e l t r ans i t ion p r o b a b i l i t i e s , w i l l be obtained 
by inser t ing expression (7) in to expression (5). 
The stat ionary p r o b a b i l i t i e s that the beginning s tock l e v e l i s 
equal t o i , a ( i ) , w i l l be determined from expression (4). Since the 
rows o f the matrix are independent o f i ( i d e n t i c a l ) , the stat ionary pro­
b a b i l i t i e s are obtained by inser t ing expression (7) in to expression (5), 
That i s , 
0 0 
a ( j ) = . ) m. . v fo r i < RP and J < RP. (8) 0 ' Z_j i j ^ 
o)=K+l 
By a change in subscript notat ion, 
0 0 
a ( i ) = X m j i for i < RP and j < RP. (9) 
cd=K+1 
Period Stock Level Condit ional Stationary P robab i l i t i e s 
The condi t iona l s tat ionary p r o b a b i l i t i e s that the stock l e v e l 
i s equal t o h p r io r to the demand in per iod r , given ov per iods in the 
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c y c l e , are denoted by a (h |co) . These p r o b a b i l i t i e s w i l l be developed 
from the per iod s tock l e v e l cond i t iona l p r o b a b i l i t i e s , a r ( h | c D , x ) corre* 
sponding to K+l mutually exclus ive and exhaustive se t s , in conjunct ion 
with the condi t iona l p robab i l i t y o f the . lead time for a given length o f 
c y c l e . That i s , 
K 
a (h|a)) = ^a r (h |o> ,x)P{X=x|o>3 (10) r 
x=0 
for 1 < r < o>, K < o>, and h < RP = 
Under the hypothesis o f back-orders allowed, X and ft are independents 




(h|a>) = ^ a r ( h i a > , x ) P { X = x } ( l l ) 
x=0 
fo r 1 < r < c d , K < c d , and h < RP. 
Period s tock l e v e l double condi t iona l s tat ionary p r o b a b i l i t i e s . - - T h e 
double condi t iona l p r o b a b i l i t i e s that the s tock l e v e l i s equal to h 
p r i o r to the demand in per iod r, given that cd per iods are in the order 
c y c l e and given that the replenishment lead time i s equal t o x per iods 
for the beginning-cycle order, are denoted by a r ( h | c D , x ) . These proba­
b i l i t i e s w i l l be developed from the fo l lowing expression: 
. . . ] . P{H =h, ft=oo|x=x] 
a (h |oo,x) = — , (12) 
P{ft=oo X=x] 
where. H -is•the s tock l e v e l random var iab le at per iod r and h=S, S-l , 
. . . are the values which th i s random var iab le may assume. .Since the 
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random var iables X and ft are independent, the denominator reduces to 
the l e n g t h - o f - c y c l e p r o b a b i l i t i e s previous ly developed in expression (3). 
In th i s development o f the numerator o f expression (12) , consider 
the mutually exc lus ive and exhaustive s e t s : r < x+1 and r > x+1. 
I . Case I : r < x+1.—The j o i n t p r o b a b i l i t i e s that the s tock l e v e l 
i s equal t o h p r i o r t o the demand in per iod r and that the length o f 
c y c l e i s cd pe r iods , given that the lead time i s equal to x, w i l l be 
developed. Consider the sub-cases corresponding to the sub-sets ob­
tained by dichotomizing th i s set in to the fo l lowing mutually exclus ive 
and exhaustive sub-se ts : h < RP and RP < h < S. 
A. Sub-case I : h < RP.—A s p e c i f i c path in which the s tock 
l e v e l i s equal t o h, fo r h <, RP, p r i o r to the demand in per iod r , fo r 
1 < r < x+1 < K+l, and in which the l eng th -o f - cyc l e i s equal to 0) occurs 
i f the fo l lowing four independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to i . 
2. Demand during the f i r s t r - 1 per iods i s equal to i -h . 
3. Demand during the next tJD-r per iods i s equal to v , fo r 
0 <, v < S-RP-i+h-1. 
k. Demand during per iod oo i s equal to or greater than 
S-RP-i+h-v. 
For s p e c i f i c values o f i and v , the p robab i l i t y o f t h i s path 
i s 
a ( i ) P { D ( r - l ) = i - h ) P { D ( c D - r ) = v } P { D ( l ) > S-RP-i+h-v) (13) 
fo r h < i < RP, 1 < r < x+1 < K+l,, and 0 < v <, S-RP-i+h-1. 
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The beginning s tock l e v e l can be any o f the poss ib l e values from 
h to RP i n c l u s i v e . Demand during the'as-r per iods can be any o f the p o s s i ­
b l e values from 0 to S-RP-i+h-1 i n c l u s i v e . Therefore, 
P{H r =h/ ft=o) |x=x] = (14) 
£P S-RP-i-1 
G ( i , v ) P { D ( l ) > S-RP-i+h-v), 
i=h v=0 
where G ( i , v ) = a( i )P{D(r - l )= i -h)P{D(o3-r )=v ) , (l4a) 
for 1 < r < x+1 < K+l and h < RP. 
B. Sub-case I I : RP < h < S . - - I t i s impossible that the s tock 
l e v e l at the beginning o f per iod r , fo r 1 < r < x+1 < K+l, i s greater 
than RP. Therefore, 
P{H r=h, ft=o) |x=x) = 0 ( I S ) 
fo r 1 < r < x+1 < K+l < cjo and RP < h < S. 
I I . Case I I : r > x+1.--The j o i n t p r o b a b i l i t i e s that the s tock 
le^vel i s equal t o h p r i o r to the demand in per iod r and that the length 
o f c y c l e i s cjd pe r iods , given that the lead time i s equal t o x, w i l l be 
developed. Consider the sub-cases corresponding to the sub-sets obtained 
by dichotomizing th i s set in to the fo l lowing mutually exc lus ive and ex­
haustive sub-se ts : h < RP and RP < h < S. 
A. Sub-case I : h < R P . - - I f the s tock l e v e l i s equal t o or l e s s 
than RP, a replenishment order has been p laced. Since the placement 
o f a replenishment order cons t i tu tes the beginning o f an order c y c l e , 
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the per iod i s considered as being in the subsequent var iable order c y c l e . 
Therefore, 
B. Sub-case I I : RP < h < S.--A s p e c i f i c path in which the 
s tock l e v e l i s equal to h, fo r RP < h < S, p r i o r t o the demand in per iod 
r , f o r 1 < x+1 < r < a), and in which the length o f c y c l e i s equal to a) 
occurs i f the fo l lowing three independent condi t ions e x i s t : 
1. Demand during the f i r s t r-1 per iods i s equal t o S-h. 
2. Demand during the next u)-r per iods i s equal to v, fo r 
0 < v < h-RP-1. 
3. Demand during per iod 0) i s equal to or greater than h-RP-v. 
Por a s p e c i f i c value o f v, the p robab i l i t y o f th is path i s 
fo r 1 < x+1 < r < o>, 0 < v < h-RP-1, and RP < h < S. 
Demand during the o)-r per iods can be any o f the p o s s i b l e values 
from 0 to h-RP-1 i n c l u s i v e . Therefore, 
P{H r=h, ft=oi|x=x] = 0 
fo r 1 < x+1 < r < a) and h < RP. 
(16) 
P{D(r- l )=S-h}P{D(a)- r )=v)P{D(l ) > h-RP-v) (17) 
P{H =h, £l=*D X=x) = 
r 
h-RP-1 
Y G(v)P[ t ) ( l ) > h-RP-v), (18) 
where G ( v ) = P{D(r- l )=S-h)P{D(o)- r )=v) , (18a) 
fo r 1 < x+1 < r < o> and RP < h < S. 
I I I . Summary o f per iod s tock l e v e l double condi t iona l s tat ionary 
probabi l i t i es .—Express ions (l4), (l5)> (l6), and (l8) are inser ted in to 
expression (l2) and are summarized as f o l l o w s : 
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RP S-RP-i-l 
X YJ G( i , v ) P { D ( l ) > S-RP-i+h-v] 
i=h v =0 
a r ( h > , x ) = < 
P [Q,= CD J 
for 1 < r < x+1 < K+l and h < RP, 
fo r 1 < r < x+1 < K+l and RP < h < S, 
fo r 1 < x+1 < r < cd and h < RP, 
( 1 9 ) 
h-RP-1 
Y G( v ) p { D ( l ) > h-RP- } 
Plft=CDj 
v =0 
for 1 < x+1 < r < a) and RP < h < S, 
where G ( i , v ) = a( i )P{D( r - l ) = i - h } P {D (cD - r )=v] 
and G(v) = P{D(r - l )=S-h3P{D ( (D - r )=v}-
( 1 9 a ) 
( 19b ) 
Period s tock l e v e l condi t iona l stat ionary p r o b a b i l i t i e s . - - T h e per iod 
s tock l e v e l cond i t iona l p r o b a b i l i t i e s , a r ( h | o i ) , can be obtained by in­
ser t ing expression ( 1 9 ) in to expression ( l l ) . 
The beginning stock l e v e l s tat ionary p r o b a b i l i t i e s and the per iod 
s tock l e v e l condi t iona l p r o b a b i l i t i e s developed in th i s sec t ion w i l l 
be used as the bas i s for determining the measures o f e f fec t iveness fo r 
the var iab le c y c l e inventory p o l i c y under the hypothesis that back-
orders are al lowed. 
96 
Length-of-Cycle P r o b a b i l i t i e s , Back-Orders Not Allowed 
The o b j e c t i v e o f th i s sec t ion i s to develop expressions for the 
l e n g t h - o f - c y c l e p r o b a b i l i t i e s under the hypothesis o f back-orders not 
al lowed. These p r o b a b i l i t i e s w i l l be developed in terms o f the demand 
and the replenishment lead time p robab i l i t y d i s t r i bu t ions ; the order 
l e v e l , S; and the reorder poin t , RP. The random var iab le , ft, denotes 
the length o f the var iable c y c l e , and oo = K+l, K+2, . . . are the values 
which th is random var iable assumes. The p robab i l i t y that the random 
var iab le , ft, i s equal to oo per iods i s denoted by P{ft=oo}. 
When back-orders are not allowed, demand that i s in excess o f 
ava i lab le s tock i s l o s t i f not s a t i s f i e d instantaneously by p r i o r i t y 
ac t ion . Under the var iable cyc l e inventory p o l i c y a replenishment order 
i s placed at the end o f the f i r s t per iod in which the s tock l e v e l i s 
equal to or below the reorder po in t , RP. The replenishment quantity 
ordered depends upon only the d i f fe rence between the order l e v e l , S, 
and the ava i lab le s tock, i . Therefore, 
replenishment order = S-i (20) 
for 0 < i < RP. 
Since demands which occur when stock i s unavailable do not re­
su l t in a reduct ion o f s tock l e v e l , the average number o f periods per 
c y c l e under the hypothesis that back-orders are not allowed i s equal 
to or greater than under the hypothesis that back-orders are allowed. 
The l e n g t h - o f - c y c l e p r o b a b i l i t i e s , P{ft=a)}, w i l l be developed 
from the l e n g t h - o f - c y c l e condi t iona l p r o b a b i l i t i e s , P{ft=o)|x], co r re ­
sponding to K+l mutually exclus ive and exhaustive se ts , in conjunction 
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with the p r o b a b i l i t y o f the s p e c i f i c replenishment lead time. That i s , 
Length-of-'Cycle Condit ional P r o b a b i l i t i e s 
In developing the l e n g t h - o f - c y c l e condi t iona l p r o b a b i l i t i e s , 
given that the replenishment lead time i s equal to x per iods , consider 
the paths corresponding to the mutually exc lus ive and exhaustive sets 
in which D(x) > i and D(x) < i . 
Path I : P(x) > i.—When demand during the replenishment lead time i s 
equal t o or greater than the beginning s tock l e v e l , i , the quantity o f 
items ava i lab le p r io r to the r ece ip t o f the replenishment order i s ze ro . 
Since the replenishment order i s f o r S-i items, the quantity o f items 
ava i lab le when the replenishment order i s rece ived i s S- i . ,A s p e c i f i c 
path in which the number o f per iods in the order c y c l e i s equal t o o j 
occurs i f the fo l lowing four independent condi t ions e x i s t : 
K 
fo r K < a). (21 ) 
x=0 
1. The beginning s tock l e v e l i s equal to i , fo r 0 < i < RP. 
2 . The demand during the lead time i s equal t o or greater than 
i . 
Demand during the a)-x- l per iods fo l lowing r e c e i p t o f the r e ­
plenishment order i s equal to ' v , f o r 0 < v <> S-RP-l- i . 
k. Demand during per iod o> i s equal to or greater than S-RP-v-i. 
For s p e c i f i c values o f i and v, the p r o b a b i l i t y o f th i s path i s 
a ( i ) P ( D ( x ) > i ) P { D ( o j - x - l ) = v } p { D ( l ) > S-RP-v-i.) (22 ) 
fo r 0 < i < RP, 1 < x+1 < K+l < a>, and 0 < v < S-RP-l- i . 
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The beginning s tock l e v e l can be any o f the poss ib l e values from 
0 to RP i n c l u s i v e . Demand during the c d - x - 1 per iods can be any o f the 
pos s ib l e values from 0 to S-RP-1-i i n c l u s i v e . Therefore, the p robab i l i t y 
o f Path I i s 
RP S-RP-l-i 
G ( i , v ) P ( D ( l ) > S-RP-v- i ) , (23) 
i=0 v=0 
where G ( i , v ) = a ( i ) P { D ( x ) > i } p { D (cD - x - l ) = v ) , (23a) 
fo r 1 < x+1 < K+l < c d . 
Path I I : P(x) < i.—When demand during the replenishment lead time i s 
l e s s than i , denote the quantity o f items avai lable p r io r t o the r e ­
c e i p t o f the replenishment order as h. The quantity o f items avai lab le 
af ter the replenishment order i s rece ived i s h+S-i . A s p e c i f i c path in 
which the number o f per iods in the order c y c l e i s equal to cd occurs i f 
the fo l lowing four independent condi t ions e x i s t : 
1. The beginning s tock l e v e l i s equal t o i , fo r 0 < i < RP. 
2 . Demand during the lead time i s equal t o i -h, which i s l e s s 
than i . 
3. Demand during the c d - x - 1 per iods fo l lowing r e c e i p t o f the 
replenishment order i s equal t o v, f o r 0^ v < S-RP-1-i+h. 
4. Demand during per iod cd i s equal to or greater than S-RP-v-i+h. 
For s p e c i f i c values o f i , h, and v, the p robab i l i t y o f th is path 
i s 
a ( i ) P { D ( x ) = i - h ] P { D ( ( D - x - l ) = v } P { D ( l ) > S-RP-v-i+h) (2k) 
for 0 < i < RP, 1 < x+1 < K+l < c d , and 0 < v < S-RP-1-i+h. 
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The beginning s tock l e v e l can be any o f the pos s ib l e values from 
0 to RP i n c l u s i v e . Demand during the replenishment lead time can be any 
o f the pos s ib l e values from 1 to i i n c l u s i v e . Demand during the co-x-1 
per iods can be any o f the p o s s i b l e values from 0 to S-RP-1-i+h inc lus ive . 
Therefore, the p r o b a b i l i t y o f Path I I i s 
KP i S-RP^L-i+h 
) ) ) G ( i , h , v ) P { D ( l ) > S-RP-v-i+h} ; .(25) 
i=0 h=l v=0 
where G( i , h , v) = a( i )P{D(x)=i -h3P{D(oo-x- l )=v} , (25a) 
fo r 1 < x+1 < K+l < g o . 
Summary o f the l e n g t h - o f - c y c l e cond i t iona l p robabi l i t i es .—The length-
o f - c y c l e cond i t iona l p r o b a b i l i t i e s are obtained by combining expressions 
(23) and (25) as f o l l o w s : 
RP S-RP-l-i 
P{fl=a>|x) = Y Y ^ i ^ M D U ) ^ S-KP-v-i) •• (26) 
i=0 v=0 
RP i S-RP-1-i+h 
+ Y Y X G ( i ; h , v ) P { D ( l ) > S-RP-v-i+h), 
i=0 h=l v=0 
where G ( i ; v ) = a ( i ) P { D ( x ) > i }P{D(o j -x - l )=v} (26a) 
and G ( i , h , v ) = a( i ) P { D ( x ) = i - h } P { D ( o j - x - l ) = v } , (26b) 
fo r 1 < x+1 < K+l < c d . 
Length-of-Cycle Unconditional P robab i l i t i e s 
The l eng th -o f - cyc l e uncondit ional p r o b a b i l i t i e s can be obtained 
by inser t ing expression (26) in to expression (21) . 
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The expressions for the l e n g t h - o f - c y c l e p r o b a b i l i t i e s developed 
in th i s sec t ion w i l l be used ( l ) in the development o f the s tock l e v e l 
p r o b a b i l i t i e s in the subsequent sec t ion and ( 2 ) in the determination o f 
measures o f e f fec t iveness for the var iab le c y c l e inventory p o l i c y under 
the hypothesis o f back-orders not al lowed. 
Stock Level P r o b a b i l i t i e s , Back-Orders Not Allowed 
The o b j e c t i v e o f th is sec t ion i s to develop expressions for the 
s tock l e v e l p r o b a b i l i t i e s under the hypothesis o f back-orders not al lowed. 
These p r o b a b i l i t i e s w i l l be developed in terms o f the demand and the re ­
plenishment lead time p robab i l i t y d i s t r i bu t i ons ; the order l e v e l , S; and 
the reorder po in t , RP. The beginning s tock l e v e l p r o b a b i l i t i e s are un­
c o n d i t i o n a l ; however, the per iod s tock l e v e l p r o b a b i l i t i e s are developed 
upon the condi t ion o f a s p e c i f i c length o f c y c l e . 
Beginning Stock Level Stationary P robab i l i t i e s 
The p r o b a b i l i t i e s that the beginning s tock l e v e l i s equal to i , 
a ( i ) , a f ter s t a t i s t i c a l equil ibrium i s attained, w i l l be determined by 
so lv ing a f i n i t e Markov t r ans i t ion matrix equation. 
Markov t r ans i t ion matrix equation.—A t rans i t ion from any beginning 
c y c l e s tock l e v e l , . i to any s tock l e v e l , j , at the beginning o f the sub­
sequent var iab le length cyc le , f o r 0 < i < RP and 0 < j < RP, i s poss ib l e 
as a consequence o f the ordering ru l e . Therefore, the t r ans i t ion matrix, 
M = (m. . ) j i s regular ; and the stat ionary p r o b a b i l i t i e s e x i s t and are 
unique. These stat ionary p r o b a b i l i t i e s can be determined by so lv ing 
the fo l lowing matrix equation. 
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a = a M , 
where a = [a(RP), a ( R P - l ) , . . . , a(o)], 
and M = 
^P^RP mRP, EP-1 
^ P - l ^ R P "KP-^HP-I 
^ , 0 
m l , R P m l , R P - l m 1,0 




In the f i n i t e matrix, M, m ^ i s the p robab i l i t y that the s tock l e v e l 
i s j items at the beginning o f the subsequent var iable length c y c l e , 
given that the s tock l e v e l was i items at the beginning o f the present 
var iable length c y c l e . 
Stock l e v e l t r ans i t ion probab i l i t i e s .—The stock l e v e l t r ans i t ion proba­
b i l i t y , m . , w i l l be obtained from the j o i n t s tock l e v e l t r ans i t ion 
p robab i l i t y elements, ^ , fo r co=K+l, K+2, . . . . The j o i n t s tock 
l e v e l t r ans i t ion element, m ^ ^ , i s the p robab i l i t y that the s tock 
l e v e l at the beginning o f the subsequent c y c l e i s j items and that the 
number o f per iods in the var iab le length c y c l e i s c d , given that the s tock 
l e v e l was i items at the beginning o f the present var iable length c y c l e . 
The events P*=cd, fo r cd=K+1, K+2, . . . , are mutually exc lus ive and ex­
haust ive. Therefore, the j o i n t s tock l e v e l t rans i t ion p r o b a b i l i t i e s 
can be added. That i s , 
m, i j ^ 
fo r 0 < i < RP and 0 < j < RP. (28) 
CD=K+1 
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The j o i n t s tock l e v e l t r ans i t ion p r o b a b i l i t i e s , m. . , w i l l be 
developed from the j o i n t s tock l e v e l cond i t iona l t r ans i t ion p r o b a b i l i t i e s , 
m . . corresponding to K+l mutually exc lus ive and exhaustive se t s , in 
conjunction with the p r o b a b i l i t y o f the s p e c i f i c replenishment lead time. 
That i s , 
m i j , o o = L ( m i j ^ l x ) P C X = x 3 f o r 0 < i < R P , (29) 
x=0 
0 < j < RP, and K < o j . 
I . Joint s t o c k . l e v e l cond i t iona l t r ans i t ion probab i l i t i e s .—The 
j o i n t s tock l e v e l condi t iona l t r ans i t ion p robab i l i t y element, m . . | x , 
IJ 
i s the p r o b a b i l i t y that the s tock l e v e l at the beginning o f the subse­
quent c y c l e i s j items and that the number o f per iods in the var iable 
length c y c l e i s oo, given that the s tock l e v e l was i items at the be ­
ginning o f the present c y c l e and that the replenishment lead time i s x . 
The p o s s i b l e values for the replenishment lead time, X=x, and the b e ­
ginning o f the subsequent c y c l e s tock l e v e l , j , w i l l be divided into 
four mutually exc lus ive and exhaustive se t s . The replenishment lead 
time i s e i ther zero or p o s i t i v e ; and the beginning s tock l e v e l o f the 
subsequent c y c l e , j , i s e i ther zero or p o s i t i v e . 
For a zero replenishment lead time, the s tock l e v e l instan­
taneously at tains the value o f S. 
For a p o s i t i v e replenishment lead time, there are two . .possible 
paths: 
1. Demand during the replenishment lead time may be equal t o 
or greater than the supply, D(x) > i , before the replenishment 
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order i s rece ived , in which case a l l demand in excess o f 
supply i s l o s t . 
2 . Demand during the replenishment lead time may he l e s s than 
the supply, D(x) < i . 
The four cases corresponding to the mutually exclus ive and ex­
haustive sets are as f o l l o w s : 
Case I : Zero replenishment lead time (x=0) and zero s tock at 
the beginning o f the subsequent cyc l e (j=0). 
Case I I : Zero replenishment lead time (x=0) and a p o s i t i v e s tock 
l e v e l at the beginning o f the subsequent c y c l e ( j > 0). 
Case I I I : Pos i t ive replenishment lead time ( x > 0) and a zero 
s tock l e v e l at the beginning o f the subsequent c y c l e . 
Case IV: Pos i t ive replenishment lead time ( x > 0) and a p o s i t i v e 
s tock l e v e l at the beginning o f the subsequent c y c l e 
( j > o). 
A. Case I : x=0 and j=0.--When the replenishment lead time i s 
zero, S items o f s tock are instantaneously ava i l ab le . One path in which 
i t i s poss ib l e to have a t rans i t ion to a zero supply at the beginning o f 
the subsequent cyc l e occurs i f demand during the o)- l periods i s equal to 
v, for 0 < v < S-RP-1, and i f demand during the next periods i s equal to 
or greater than S-v. The p robab i l i t y o f th is s p e c i f i c path i s 
P{D(o>-l)=v}P{D(l) > S - v } f or K < oq and 0 < v < S-RP-1. (30) 
Figure 7 (page k-2) i l l u s t r a t e s a s imilar path for the f ixed cyc le inven­
tory p o l i c y . 
Demand during the en-1 periods can be any o f the poss ib le values 
from 0 to S-RP-1 inc lus ive . Therefore, 
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S - R P - 1 
m. . J o - ) P { d ( o q - 1 ) = v } P { d ( i ) > S-v) (31) 
i J j U j L—1 
v=0 
fo r 0 < i < R P , j=0, and K < 0 0 . 
B. Case I I : x=0 and j > 0.--Again, S items are instantaneously-
ava i lab le s ince the replenishment lead time i s zero . A t r ans i t ion t o 
some p o s i t i v e supply o f j items, fo r 1 < j < RP, occurs i f demand during 
the oo-l per iods i s equal to v, fo r 0 < v < S-RP-1, and i f demand during 
the next per iod i s equal to S - v - j . The p robab i l i t y o f th i s s p e c i f i c 
path i s 
P{D(oo- l )=v)P{D( l )=S-v- j} fo r K < 0 0 , 0 < v < S-RP-1, (32) 
and 1 < j < RP. 
Figure 8 (page 42) i l l u s t r a t e s a s imilar path for the f ixed cyc l e inven­
tory p o l i c y . 
Demand during the oo-l per iods can be any o f the poss ib le values 
from 0 to S-RP-1 i n c l u s i v e . Therefore, 
S-RP-1 
m. . |0 = ) P{D(oo- l )=v)P{D(l )=S-v- j ) (33) 
v=0 
fo r K < 0 0 , 0 < i < RP, and 1 < j < RP. 
. C. Case I I I : x > 0 and j=0.—Consider the two general paths 
corresponding to the mutually exclus ive and exhaustive sets which termi­
nate with j=0: D(x) > i and D(x) < i . 
1. Path I : P(x) > i.—When demand during the replenishment 
lead time i s equal to or greater than i , the quantity o f items avai lable 
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p r i o r t o the r e c e i p t o f the replenishment order i s zero . Therefore, 
the quantity o f items avai lable when the replenishment order i s rece ived 
i s S- i . A s p e c i f i c path in which there i s a t r ans i t ion from a s tock 
l e v e l o f i items to a s tock l e v e l o f j items, fo r 0 < i < RP and j = 0 , 
occurs i f the fo l lowing three independent condi t ions e x i s t : 
1. Demand during the lead time i s equal t o or greater than i . 
2 . Demand during the co-x-1 per iods fo l lowing r ece ip t o f the 
replenishment order i s equal t o v, f o r 0 < v < S-RP-l - i . 
J . Demand during per iod CD i s equal t o or greater than 
S-RP-v-i. 
For a s p e c i f i c value o f v, the p robab i l i t y o f th i s path i s 
Figure 9 (page 49) i l l u s t r a t e s a s imilar path fo r the f ixed c y c l e in­
ventory p o l i c y . 
Demand during the co-x-1 per iods can be any o f the poss ib l e values 
from 0 to S-RP-l-i i n c l u s i v e . Therefore, the p robab i l i t y o f Path I i s 
P { D ( x ) > i } P { D ( co-x-1 ) = V } P { D ( I ) > S - i - v ) ( 3 4 ) 
f or 0 < i < RP, 1 < x < K < co, and 
0 < v < S-RP-l- i . 
S-RP-l-i 
( 3 5 ) 
v=0 
(35a ) 
fo r 1 < x < K < co. 
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2. Path I I : D( x ) < i.—When demand during the replenish­
ment lead time i s l e s s than i , denote the quantity o f items ava i lab le 
p r i o r to the r e c e i p t o f the replenishment order as h. The quantity o f 
items ava i lab le af ter the replenishment order i s rece ived i s h+S-i . 
A s p e c i f i c path in which there i s a t r ans i t ion from a s tock l e v e l o f 
i items to a s tock l e v e l o f j items, fo r 0 < i < RP and j=0, occurs i f 
the fo l lowing three independent condi t ions e x i s t : 
1 . Demand during the lead time i s equal to i -h , which i s l e s s 
than i . 
2. Demand during the co-x-1 per iods fo l lowing r ece ip t o f the 
replenishment order i s equal to v, fo r 0 < v < S-RP-l-i+h. 
3. Demand during per iod co i s equal to or greater than 
S-RP-i+h-v. 
For s p e c i f i c values o f h and v, the p robab i l i t y o f th i s path i s 
P{D(x)=i -h}P{D(co-x- l )=v)P{D( l ) > S-i+h-v] (36) 
fo r 0 < h < i < RP, j=0, 1 < x < K < co, and 
0 < v < S-RP-l-i+h. 
Figure 10 (page ) i l l u s t r a t e s a s imilar path for the f ixed cyc le in­
ventory p o l i c y . 
Demand during the replenishment lead time can be any o f the 
p o s s i b l e values from 0 to i - 1 i n c l u s i v e . Demand during the co-x-1 
per iods can be any o f the poss ib l e values from 0 to S-RP-l-i+h i nc lu s ive . 
Therefore, the p robab i l i t y o f Path I I i s 
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S-RP-l-i i 
Y ^ G ( h , v ) P { D ( l ) £ S- i+h-v) , (37) 
v=0 h=l 
where G(h,v) = P(D(x)=i -h}P{D(oo-x- l )=v}P{D(l ) > S- i+h-v) , (37a) 
fo r 1 < x < K < o>, 0 < i < RP, and j=0. 
3. Summary o f Case III .—The p robab i l i t y for Case I I I i s 
obtained by combining expressions (35) and (37) as f o l l o w s : 
S-RP-l-i 
) G(v )p{D( l ) > S- i^v) (38) 
/ 1 
+ ) > G(h ,v )P{D( l ) > S- i+h-v] , 
v=0 h=l 
where G(v) = P{D(x) > i}P{D(o>-x- l )=v] (38a) 
and G(h,v) = P{D(x)=i -h}P{D(a>-x- l )~v} , (38b) 
fo r 0 < i < RP, j=0, and 1 < x < K < oo. 
D. Case IV: x > 0 and j > 0.—Consider the two general paths 
corresponding t o the mutually exclus ive and exhaustive sets which termi­
nate with j > 0: D(x) > i and D(x) < i . 
1. Path I : D(x) > i.—When demand during the replenishment 
lead time i s equal t o or greater than i , the quantity o f items avai lable 
p r io r t o the r ece ip t o f the replenishment order i s zero . The replenish­
ment order i s fo r S-i items. Therefore, the quantity o f items ava i l ab l e 
when the replenishment order i s rece ived i s S- i . A s p e c i f i c path in 
10$ 
which there i s a t r ans i t ion from a s tock l e v e l o f i items to a s tock 
l e v e l o f j items, fo r 0 < i < RP and .1 < j < RP, occurs i f the fo l lowing 
three independent condi t ions e x i s t : 
1. Demand during the lead time i s equal to or greater than i . 
2. Demand during the oo-x-l per iods fo l lowing r ece ip t o f the 
replenishment order i s equal to v, fo r 0 < v < S-RP-l - i . 
3. Demand during per iod 0 0 i s equal to S -RP-v- i - j . 
For a s p e c i f i c value o f v, the p robab i l i t y o f th i s path i s 
P{D(x) > i } P { D ( a v x - l ) = v } P { D ( l ) = S - R P - v - i - j } (39) 
for 0 < i < RP, 1 < j < RP, l < x < K < a > , 
and 0 < v < S-RP-l- i . 
Figure 11 (page h-9) i l l u s t r a t e s a s imilar path for the f ixed c y c l e in­
ventory p o l i c y . 
Demand during the oo-x-l per iods can be any o f the poss ib l e values 
from 0 to S-RP-l-i i n c l u s i v e . Therefore, the p robab i l i t y o f Path I i s 
S-RP-l-i 
G ( v ) P { D ( l ) = S - R P - i - v - j ] , (40) 
v=0 
where G(v) = P{D(x) > i } P { D ( o o - x - l ) = v } P { D ( l ) = S - R P - i - v - j ) , (40a) 
for 0 < i < RP, 1 < j . < RP, and 1 < x < K < 0 0 . 
2. Path I I : P(x) < i.—When demand during the replenishment 
lead time i s l e s s than i , the quantity o f items avai lable p r io r to the 
rece ip t o f the replenishment order w i l l be denoted as h. The quantity 
o f items avai lable af ter the replenishment order i s rece ived i s h+S-i . 
1 
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A s p e c i f i c path in which there i s a t r ans i t ion from a s tock l e v e l o f 
i items to a s tock l e v e l o f j items, fo r 0 < i < RP and 1 < j < RP, 
occurs i f the fo l lowing three independent condi t ions e x i s t : 
1. Demand during the lead time i s equal to i -h, which i s l e s s 
than i . 
2. Demand during the co-x-1 per iods fo l lowing r ece ip t o f the 
replenishment order i s equal to v, fo r 0 < v < S-RP-l-i+h. 
3> Demand during per iod co i s equal t o S-RP-i+h-v-j . 
For s p e c i f i c values o f h and v, the p robab i l i t y o f th i s path i s 
P{D(x)=i -h)P{D(co-x- l )=v}P{D(l )=S-RP- i+h-v- j} (4l) 
f or 0 < h < i < RP, 1 < j < RP, 1 < x < K < co, 
and 0 < v < S-RP-l-i+h. 
Figure 12 (page k-9) i l l u s t r a t e s a s imilar path for the f ixed c y c l e in­
ventory p o l i c y . 
Demand during the replenishment lead time can be any o f the p o s s i ­
b l e values from 0 t o i-1 i n c lu s ive . Demand during the co-x-1 per iods can 
be any o f the pos s ib l e values from 0 to S-RP-l-i+h i nc lu s ive . Therefore, 
the p r o b a b i l i t y o f Path I I i s 
S-RP-l-i i 
v=0 h=l 
where G(h,v) = P{D(x)^ i -h}P{D(co-x - l )=v) , (42a) 
for 1 < x < K < co and 1 < j < RP. 
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3- Summary o f Case TV.--The p robab i l i t y for Case IV i s ob­
tained by combining expressions (40 ) and (42) as f o l l o w s : 
S_RP_l_i 
m i j < J X = 2^ G ( v ) p {D ( l ) = S - R P - i + h - v - j ) (43) 
v=0 
S-RP-l-i i 
+ ) ) G ( h , v ) p {D ( l ) = S - R P - i + h - v - j ) , 
v=0 h=l 
where G ( v ) = P { D ( x ) > i ) p {D ( a w x - l ) = v ) (43a) 
and G ( h , v ) = P {D ( x ) = i - h } P {D ( t o - x - l ) * v ) , (43b) 
fo r 0 < i < RP, 1 < j < RP, and-1. < x < K < to. 
E. Summary o f the j o i n t s tock l e v e l condi t iona l t r ans i t ion 
p robab i l i t i e s . - -Express ions (3l), (33), (38), and (43) are summarized 
as f o l l o w s : ( see next page) 
I l l 
S-RP-1 
v=0 
P{D(a>-l)=v}P{D(l) > S-v) 
fo r 0 < i < RP, j=0, x=0, and K < a); 
(44) 
S-RP-1 
Y P ( D ( (D-1 )=v }P{D( 1 )=S-v- j } 
v=0 
fo r 0 < i < RP, 1 < j < RP, x=0, and K < c d ; 
S-RP-l-i 
G(v)P{D( l ) > S-i+h-v} 
v=0 
S-RP-l-i i 
+ Y X G ^ H ' v ) p ^ D ^ 1 ) - S-i+h-v} 
v=0 h=l 
for 0 < i < RP, j=0 , and 1 < x < K < a>; 
S-RP-l-i 
) G(v)p(D( l )=S-RP- i+h-v- j} 
v=0 
S-RP-l-i i 
+ ) ) G(h ,v)P{D(l )=S-RP- i+h-v- j} 
v=0 h=l 
for 0 < i < RP, 1 < j < RP, and .1 < x < K < c d ; 
where G(v) = P { D ( x ) ^ i ) P {D ( o ) - x - l ) = v } (44a) 
and G(h,v) = P{D(x)= i -h}P{D(o) -x - l )=v} . (44b) 
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I I . Stock l e v e l uncondit ional t r ans i t ion p robab i l i t i e s . - -The stock 
l e v e l uncondit ional t r ans i t ion p r o b a b i l i t i e s can be obtained by inser t ing 
expression (44) in to expression (29) and then inser t ing th i s expression 
in to expression (28). 
The s tat ionary p r o b a b i l i t i e s for the s tock l e v e l at the beginning 
o f the var iab le length order c y c l e can be determined from expression (27) 
u t i l i z i n g the t r ans i t ion p r o b a b i l i t i e s obtained from expressions (44), 
(29), and (28). 
Period Stock Level Condit ional Stationary P robab i l i t i e s 
The cond i t iona l s tat ionary p r o b a b i l i t i e s that the s tock l e v e l i s 
equal t o h p r io r t o the demand in per iod r , given co per iods in the c y c l e , 
are denoted by a r ( h | c o ) . These p r o b a b i l i t i e s w i l l be developed from the 
pe r iod s tock l e v e l double condi t iona l p r o b a b i l i t i e s , a^(h |co,x) , co r r e ­
sponding to K+l mutually exc lus ive and exhaustive se t s , in conjunction 
with the cond i t iona l p robab i l i t y o f the lead time for a given length o f 
c y c l e . That i s , 
K 
a r (h |co) = Y [a r(h|co,x)]PCx=x|co} (45) 
x=0 
fo r 1 < r < N, K < co, and 0 < h < S. 
Under the hypothesis o f back-orders not allowed, X and ft are not inde­




By inser t ing expression (46) in to expression ( 4 5 ) , a convenient expres­
s ion i s obtained: 
= H i W ^a r (hKx ) ]P (Mx )P (X=x) . (47) 
x=0 
for 1 < r < N, . K : < co. and 0 < h < S. 
Period s tock l e v e l double cond i t iona l stat ionary probabi l i t i es .—The 
double cond i t iona l p r o b a b i l i t i e s that the s tock l e v e l i s equal to h 
p r i o r to the demand in per iod r, given that co periods are in the order 
c y c l e and given that the replenishment lead time i s equal to x per iods 
for the beginning c y c l e order, are denoted by a r ( h | c o , x ) . These proba­
b i l i t i e s w i l l be developed from the fo l lowing expression: 
P{H =h, O=co|x=x) 
a r ( h ^ ' X ) " P?Mx=xJ ' m 
where i s the s tock l e v e l random var iable at per iod r and h=0, 
1, . . . , S are the values which th i s random var iab le assumes. The 
denominator o f expression (48) has been previous ly developed as ex­
press ion (26). In th i s development o f the numberator o f expression 
(39a), consider the mutually exclus ive and exhaustive se t s : r < x+1 and 
r > x+1. 
I . Case I : r < x+1.—The j o i n t p r o b a b i l i t i e s that the stock l e v e l 
i s equal to h p r i o r to the demand in per iod r and that the length o f 
cyc le i s co- periods w i l l be developed. Consider the sub-cases co r re ­
sponding t o the sub-sets obtained by t r ichotomizing th i s set in to the 
fo l lowing mutually exclus ive and exhaustive sub-sets : h=0, 1 < h < RP, 
and RP < h < S. 
114 
A. Sub-case--I: h=0.--A s p e c i f i c path in which the s tock l e v e l 
i s equal to zero p r i o r to the demand in per iod r, 1 < r < x+1 < K+l and 
in which the length o f c y c l e i s equal to CD occurs i f the fo l lowing four 
independent condi t ions e x i s t : 
1. The beginning s tock l e v e l i s equal t o i . 
2 . Demand during the f i r s t r -1 per iods i s equal to or greater 
than i . 
3» Demand during the CD-X-1 per iods fo l lowing r e c e i p t o f the r e ­
plenishment order i s equal t o v, fo r 0 < v < S - R P - i - 1 . 
4 . Demand during per iod CD i s equal t o or greater than S - R P - i - v . 
For s p e c i f i c values o f 1 and v, the p robab i l i t y o f th i s path i s 
a ( i ) P { D ( r - l ) > i } p { D ( O D - x - l ) = v } p { D ( l ) £ S - R P - i - v } ( 4 9 ) 
fo r 0 < i < RP, 1 < r < x+1 < K+l < CD, and 
0 < v < S - R P - i - 1 . 
The beginning stock l e v e l can be any o f the pos s ib l e values 
from 0 to RP i n c l u s i v e . Demand during the co-x-1 per iods can be any o f 
the poss ib l e values from 0 t o S - R P - i - 1 i nc lu s ive . Therefore, 
P{R"r=0,ft=CD|x=x} ( 5 0 ) 
RP S - R P - i - 1 
G 1 ( i , v ) P { D ( r - l ) > i } p { D ( l ) > S - R P - i - v } , 
1=0 v=0 
where G ^ ( i , v ) = a( 1 ) P {D(C D - X - 1 ) = V } , (50a) 
fo r 1 < r < x+1 < K+l < CD. 
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B. Sub-case I I : 1 < h < RP.--Consider the two general paths 
corresponding to the mutually exc lus ive and exhaustive sets in which 
D(x) > i and D(x) < i . 
1. Path I : P(x) > i . — A s p e c i f i c path in which the s tock 
l e v e l i s equal t o h, fo r 1 < h < RP, p r i o r t o the demand in per iod r, 
f o r 1 < r < x+1 < K+l, and in which the length- of• cyc l e i s equal to to 
occurs i f the fo l lowing f i ve independent condi t ions e x i s t : 
1. The beginning s tock l e v e l i s equal to i . 
2 . Demand during the f i r s t r -1 per iods i s equal to i -h . 
3. Demand during the next x+1-r per iods i s equal t o or greater 
than h. 
k. Demand during the co-x-1 per iods fo l lowing r ece ip t o f the 
replenishment order i s equal to v, fo r 0 < v < S-RP-i-1. 
5. Demand during per iod to i s equal to or greater than S-RP-i-v. 
For s p e c i f i c values o f i and v, the p robab i l i t y o f th i s path i s 
G 2 ( i , v ) P { D ( x + l - r ) > h } P { D ( l ) > S-RP-i-v) , (51 ) 
where G 2 ( i , v ) = a ( i ) P { D ( r - l ) = i - h } P { D ( t o - x - l ) = v ] , (S l a ) 
fo r 1 < h < i < RP, 1 < r < x+1 < K+l < to, and 
0 < v < S-RP-i-1. 
The beginning stock l e v e l can be any o f the poss ib l e values from 
h to S i nc lu s ive . Demand during the to-x-1 periods can be any o f the 






G 2 ( i , v ) P { D ( x + l - r ) > h } P { D ( l ) > S-RP-i-v) , 
where G 2 ( i , v ) = a( i)P{D( r - 1 )= i -h)P{D(cd -X-1 )=*V), 
fo r 1 < r < x+1 < K+l < cd and 1 < h < RP. 
(52a) 
2. Path I I : P(x) < i .—A s p e c i f i c path in which the s tock 
l e v e l i s equal to h, fo r 1 < h < RP, p r i o r to the demand in per iod r , 
fo r 1 < r < x+1 < K+l, and in which the length o f c y c l e i s equal to o> 
occurs i f the fo l lowing independent f i v e condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to i . 
2. Demand during the f i r s t r - 1 per iods i s equal to i -h . 
3. Demand during the next x + l - r per iods i s equal to | , fo r 
0 < | < h - 1 . 
k. Demand during the c d - X - 1 per iods fo l lowing r ece ip t o f the r e ­
plenishment order i s equal t o v, for 0 < v < S-RP-i+h-E-1. 
5. Demand during per iod cd i s equal t o or greater than S-RP-i+h-i-v. 
For s p e c i f i c values o f i , | , and v, the p robab i l i t y o f th is path 
for 0 < i < RP, 1 < r < x+1 < K+l < ( D , 0 < v < S-RP-i+h-i-1, 
0 < i < h - 1 , and 1 < h < RP. 
The beginning stock l e v e l can be any o f the pos s ib l e values from 
h to S i nc lu s ive . Demand during the x+ l - r per iods can be any o f the 
i s 
G 2 ( i , v ) P { D ( x + l - r ) = | ) P { D ( l ) > S-RP-i+h-i-v.) , . . 




poss ib l e values from 0 to h-1 i n c l u s i v e . . Demand during the co-x-1 
per iods can be any o f the pos s ib l e values from 0 to S-RP-i+h-i-v inc lu ­
s i v e . Therefore, 
P{H r=h,ft=co,D(x) < i |X=x) (54 ) 
RP h-1 S-KP-i+h-S-l 
= X X X G 2 ( i , v ) p { D ( x + l - r ) = i } P { D ( l ) > S-RP-i+h- i -v] , 
i=h |=0 v=0 
where G ( i , v ) = a( i)P{D( r - 1 )=i-h)P{D( co-x-1 ) = v ) , (54a) 
for 1 < r < x+1 < K+l < co and 1 < h < RP. 
3« Summary o f Sub-case I I . - -The p robab i l i t y for Sub-case I I 
i s obtained by combining expressions (52 ) and (54) as f o l l o w s : 
p{H r=h,A=co|X=x] (55) 
RP S-RP-i-1 
\ i r i 
= 2 , ZJ G 2 ( i , v ) P { D ( x + l - r ) > h ]P{D( l ) > S-RP-i-v) 
i=h v=0 
RP h -1 S-RP-i+h-i-1 
+ X X X G 2 ^ i / V ^ P ^ x + 1 " r ' = 5 } p { D ^ 1 ) - S-RP-i+h-G-v), 
i=h £=0 v=0 
where G ( i , v ) = a( i)P{D( r - l )= i -h )P{D( co-x-1 ) = v ) , (55a) 
fo r 1 < r < x+1 < K+l < co and 1 < h < RP. 
C. Sub-case I I I : RP < h < S.—It i s impossible that the s tock 
l e v e l at the beginning o f per iod r, fo r 1 < r < x+1 < K+l, i s greater 
than RP. Therefore, 
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P{H =h,ft=o)|x=x} = 0 (56) 
fo r 1 < r < x+1 < K+l < o> and RP < h < S. 
I I . Case I I : r > x+1.--The j o i n t p r o b a b i l i t i e s that the s tock 
l e v e l i s equal t o h p r io r to the demand in per iod r and that the length 
o f c y c l e i s pe r iods , given that the lead time i s equal to: x, w i l l be 
developed. Consider the sub-cases corresponding to the sub-sets ob­
tained by dichotomizing th i s set in to the fo l lowing mutually exc lus ive 
and exhaustive sub-se ts : 0 < h < RP and RP < h < S. 
A. Sub-case I : 0 < h•< R P . - - I f the s tock l e v e l i s equal to 
or l e s s than RP, a replenishment order has been p laced . Since the p l ace ­
ment o f a replenishment order cons t i tu tes the beginning o f an order 
c y c l e , the per iod i s considered as being in the subsequent var iab le 
order c y c l e . Therefore, 
fo r 1 < x+1 < r < a) and 0 < h < RP. 
B. Sub-case I I : RP < h < S.--Consider the two general paths 
corresponding to the mutually exclus ive and exhaustive sets in which 
D(x) > i and D(x) < i . 
A. Path I : P(x) > i . - - A s p e c i f i c path in which the s tock 
l e v e l i s equal to h, f o r RP < h < S, p r i o r to the demand in per iod r , 
f o r 1 < x+1 < r < a), and in which the length o f c y c l e i s equal to oo 
occurs by,Path I i f the fo l lowing f i ve independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to S-h- | . 
2 . Demand during the replenishment lead time i s equal t o or 
greater than S-h-i . 




3. Demand during the r -x per iods fo l lowing r ece ip t o f the r e ­
plenishment order i s equal to | , for 0 < | < S-h. 
k. Demand during the next co-r per iods i s equal to v, fo r 
0 < v < h-KP-1. 
5. Demand during per iod co i s equal to or greater than h-RP-v. 
For a s p e c i f i c value o f v, the p r o b a b i l i t y o f th is path i s 
G 5 ( | )P{D(co - r )=v}P{D( l ) £ h-RP-v] , (58) 
where G ^ i ) = a(S-h-1 )P{D(x) > S-h-i } P { D ( r - x ) = | } , (58a) 
fo r 1 < x+1 < r < co, 0 < v < h-RP-1, and RP < h < S. 
Demand during the r -x per iods can be any o f the pos s ib l e values 
from 0 to S-h. Demand during the co-r per iods can be any o f the pos s ib l e 
values from 0 to h-RP-1 i n c l u s i v e . Therefore, 
P{H r=h,ft=co,D(x) > i | x = x ) (59) 
S-h h-RP-1 
= Y X G 5 U )P(D( to- r )=v}P{D( l ) > h-RP-v), 
1=0 v=0 
where G ^ ( | ) = a(S-h -5 )P{D(x) > S -h -1 )P{D( r -x )= | ) , (59a) 3 
fo r 1 < x+1 < r < co and RP < h < S. 
B. Path I I : P(x) < i . — A s p e c i f i c path in which the s tock 
l e v e l i s equal to h, fo r RP < h < S, p r io r to the demand in per iod r , 
for 1 < x+1 < r < co, and in which the length o f c y c l e i s equal to co 
occurs by Path I I i f the fo l lowing four independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to i , fo r S-h+1 < i < S. 
120 
2. Demand during the replenishment lead time i s equal to S-h. 
3. Demand during the c d - X - 1 per iods fo l lowing r ece ip t o f the r e ­
plenishment order i s equal t o v, fo r 0 < v < h-RP-1. 
k. Demand during per iod cd i s equal to or greater than h-RP-v. 
For s p e c i f i c values o f i and v, the p robab i l i t y o f th i s path i s 
The beginning stock l e v e l can be any o f the pos s ib l e values from 
S-h+1 to S i n c l u s i v e . Demand during the o d - X - 1 per iods can be any o f the 
p o s s i b l e values from 0 to h-RP-1 i n c l u s i v e . Therefore, 
a ( i )P{D(x)=S-h}P{D(oo-x- l )=v}P{D( l ) > h-RP-v) (60) 
for 1 < x+1 < r < cjd, 0 < v < h-RP-1, 
and RP < h < S. 
P{H r=h,ft=o),D(x) < i |x=x) (61) 
i=S-h+l v=0 
G, a ( i )P{D (cD -x - l )=v)P{D( l ) £ h-RP-v), 
where G. = P{D(x)=S-h) , (6la) 
for 1 < x+1 < r < cd and RP < h < S. 
C. Summary o f Case II.—The p robab i l i t y for Sub-case I I i s 
obtained by combining expressions (59) and (6l) as f o l l o w s : 
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P{H =h,a=co X=x) 
r ' (62) 
S-h h-RP-1 
= X X G 5 ^ ) p W a ) - r ) ! = : V ^ p W 1 ) ^ h-RP-v) 
i=0 v=0 
S h-Rf-1 
+ ) / G^a( i )P{D(co-x- l )=v)p{D(l ) > h-RP-v) : 
i=S-h+l v=0 
where G J i ) = a( S-h-i )P{D(x) > S-h-i )P{D( r -x ) = | ) (62a) 
and G^ = P{D(x)=S-h) , 
fo r 1 < x+1 < r < K < co and RP < h < S. 
I I I . Summary o f per iod s tock l e v e l double cond i t iona l s tat ionary 
probabi l i t i es .—Express ions (50), (55), (56), (57), and (62) are inser ted 




Y YJ G 1 ( i > v ) p t D ( r - 1 ) £ i M D ( l ) > S-RP-i-v) (63) 
1=0 v=0 
P{ft=do|xj 
fo r 1 < r < x+1 < K+l < co and h=0, 
RP S-RP-i-1 





a r ( h K x ) =< 
Y X G 2 ^ i ^ V ^ P ^ D ^ X + 1 " r ^ = ^ P ^ D ^ 1 ^ - S-RP-i+h-i-v) 
P{ft=a)|xj 
fo r 1 < r < x+1 < K+l < co and 1 < h < RP, 
fo r 1 < r < x+1 < K+l < 00 and RP < h < S, 
fo r 1 < x+1 < r < co and 0 < h < RP, 
S-h h-RP-1 
) ) G_(5)P{D(o3-r)=v]p{D(l) > h-RP-v) 




Y 0 1 + a( i )P{D(co-x- l )=v)p{D(l ) > h-RP-v) 
i=S-h+l v=C 
H ? S [ x l 
fo r 1 < x+1 < r < co and RP < h < S, 
where G ^ i ^ v ) = a( i )P{D(co-x- l )=v) , 




G ( 6 ) = a (S -h - i )P{D(x ) > S - h - i M D ( r - x ) = i } , (63c) 
and G^ .= P{D(x )=S -h ) . (63d) 
Period s tock l e v e l cond i t iona l s tat ionary p robab i l i t i e s . - -The per iod 
s tock l e v e l cond i t iona l p r o b a b i l i t i e s , given that the length o f c y c l e 
i s co pe r iods , a^(h|co), can be obtained by inser t ing expressions (63), 
(26), and (2l) in to expression (47). 
The beginning s tock l e v e l s tat ionary p r o b a b i l i t i e s and the per iod 
s tock l e v e l cond i t iona l p r o b a b i l i t i e s developed in th i s sec t ion w i l l be 
used as the bas i s fo r determining the measures o f e f fec t iveness for the 
var iable c y c l e inventory p o l i c y under the hypothesis that back-orders 
are not al lowed. 
Results 
The expressions fo r the l e n g t h - o f - c y c l e p r o b a b i l i t i e s and the 
s tock l e v e l p r o b a b i l i t i e s for the var iab le c y c l e inventory p o l i c y have 
been developed under the hypothesis o f back-orders allowed and the 
hypothesis o f back-orders not allowed. The resul t s o f th is chapter w i l l 
be used in Chapter VII in the determination o f the measures o f e f f e c t i v e ­
ness required to at tain the primary o b j e c t i v e o f the study. 
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CHAPTER VI 
STOCK LEVEL PROBABILITIES FOR THE COMBINATION INVENTORY POLICY 
Introduction 
The o b j e c t i v e o f th i s chapter i s to develop mathematical expres­
sions for the s tock l e v e l p r o b a b i l i t i e s in terms o f relevant con t ro l l ed 
dec i s ion var iab les cha rac te r i s t i c o f the combination inventory p o l i c y 
and uncontrol led random va r i ab le s . This combination inventory p o l i c y 
requires that a replenishment order be placed at the beginning o f a 
c y c l e composed o f a f ixed number o f per iods and a l so at the beginning 
o f the f i r s t per iod within the f i r s t A per iods o f the c y c l e in which 
the sum o f s tock l e v e l and s tock on order i s equal to or l e s s than the 
reorder po in t . Both the beginning-cycle and the wi th in- the-cyc le r e ­
plenishment orders are for a quantity equal to the d i f ference between 
the order l e v e l and the sum o f s tock l e v e l and stock on order . The 
relevant con t ro l l ed dec i s ion var iables are the order l e v e l , S; the re ­
order po in t , RP; the number o f per iods , A, within which the within-the-
c y c l e replenishment order may be p laced; and the number o f per iods , N, 
in the order c y c l e . The uncontrol led random var iables are the demand 
and the replenishment lead time. The stock l e v e l p r o b a b i l i t i e s w i l l be 
developed only fo r the hypothesis o f back-orders al lowed. 
The l i t e ra tu re search, reported in Chapter I I , d i s c l o s e s no r e f e ­
rence in which ana ly t ica l developments are c i t e d pertaining to th i s or 
any other similar combination inventory p o l i c y . This treatment o f the 
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combination inventory p o l i c y w i l l consider the demand and the replenish­
ment lead time as random var iables obtained from any p robab i l i t y d i s t r i ­
bu t ion . The assumptions l i s t e d and discussed in Chapter I w i l l be used 
as a bas i s fo r the ana ly t i ca l development o f the combination inventory 
p o l i c y considered in th i s chapter. In addi t ion, the replenishment lead 
time i s assumed to be equal t o or l e s s than N-l pe r iods . 
Stock Level P robab i l i t i e s 
The o b j e c t i v e o f th is sec t ion i s to develop expressions fo r the 
s tock l e v e l p r o b a b i l i t i e s . These expressions w i l l be developed under 
the hypothesis o f back-orders allowed in terms o f the demand and the 
replenishment lead time p robab i l i t y d i s t r i bu t ions ; the order l e v e l , S; 
the reorder po in t , RP; the number o f per iods , A, within which the within-
t h e - c y c l e replenishment order may be p laced ; and the number o f per iods , N, 
in the order c y c l e . 
When back-orders are allowed, unsa t i s f ied demands are deferred 
e i ther u n t i l the next replenishment order i s rece ived or un t i l su f f i c i en t 
s tock i s ava i l ab l e . Under the combination inventory po l i cy , a replenish­
ment order i s placed at the beginning o f each order c y c l e and a l so at 
the end o f the f i r s t per iod within the c y c l e in which the sum o f stock 
l e v e l and s tock on order i s equal to or below the reorder po in t , RP. 
The quantity o f items ordered fo r both o f these types o f replenishment 
orders depends e i ther upon ( l ) the d i f ference between the order l e v e l , 
S, and the sum o f s tock l e v e l and stock-on-order or upon (2) the sum o f 
order l e v e l , S, and unsat is f ied demand minus s tock-on-order . That i s , 
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S - ( s t o c k avai lable + s tock-on-order) ( l ) 
fo r a p o s i t i v e s tock l e v e l 
replenishment order = < 
S + (unsa t i s f i ed demand - s tock-on-order) 
for a non-posi t ive s tock l e v e l . 
Iruithe development o f the s tock l e v e l p r o b a b i l i t i e s , i t i s conven­
ient to define the sets i l l u s t r a t e d in Figure 17 (page 127) as f o l l o w s : 
1 . Set A: Contains a l l o f the paths in which a wi th in - the-cyc le 
replenishment order i s placed within the f i r s t A periods o f the order c y c l e . 
2. Set A: Contains a l l o f the paths in which a wi th in - the-cyc le 
replenishment order i s not placed within the f i r s t A periods o f the order 
c y c l e . 
3. Set B: Contains a l l o f the paths in which the wi th in- the-cyc le 
replenishment order i s rece ived within the same order cyc l e in which the 
replenishment order i s p laced. 
k. Set B: Contains a l l o f the paths in which a wi th in - the -cyc le 
replenishment order i s not rece ived within the same order c y c l e . Either 
a wi th in - the-cyc le replenishment order i s not placed, or a wi th in- the-cyc le 
replenishment order i s placed and not rece ived un t i l during the subsequent 
order c y c l e . 
5. Set E: Contains a l l o f the paths in which the cumulative de­
mand during the en t i re order c y c l e i s l e s s than S-RP. 
6. Set E: Contains a l l o f the paths in which the cumulative de­
mand during the ent i re order c y c l e i s equal to or greater than S-RP. 
7. Set r : Contains a l l o f the paths in which the carry-over 
replenishment order i s rece ived at the beginning o f per iod r . 
Fig. 17. Venn Diagram Illustrating the Relationships Between 
the Sets A, B, and E, Corresponding to the Combination Inventory 
Policy 
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8. Set F_̂ : Contains the paths in which the beginning s tock 
l e v e l i s i i tems. 
Only those sets that are pos s ib l e are shown in the Venn diagram in 
Figure IT (page 127) • 
Beginning Stock Level Condit ional Stationary P robab i l i t i e s 
In the subsequent development i t i s convenient t o u t i l i z e four 
beginning s tock l e v e l cond i t iona l stat ionary p r o b a b i l i t i e s : a ( i | A ) , 
a ( i | A B ) , a(iJAB) and a( i |AB/r;}.. These p r o b a b i l i t i e s represent the pro­
b a b i l i t y that the beginning s tock l e v e l i s equal to i , given the sets 
A, AB, AB and AB,r, r e s p e c t i v e l y . The sets A,AB and AB are as previous ly 
def ined; and the set AB,r i s the in te r sec t ion o f the set.AB with r . 
Stock l e v e l cond i t iona l p r o b a b i l i t i e s , a ( i l A ) . - - T h e cond i t iona l proba­
b i l i t i e s that the beginning stock l e v e l i s equal t o i , given that a 
wi th in - the -cyc le replenishment order was not placed during the previous 
cyc le , are denoted by a ( i | A ) . These p r o b a b i l i t i e s w i l l be determined 
by consider ing the cases corresponding to two mutually exc lus ive and 
exhaustive s e t s : i < RP and RP < i < S. 
I . Case I : ^ < RP.--The beginning s tock l e v e l , i , fo r 1 < RP 
can be obtained only by the paths contained in the set 
A E F . . 
l ( 2 ) 
Therefore, 
a ( i | A ) = for i < RP. (3) 
PlA] 
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The j o i n t p robab i l i t y that a replenishment order i s not placed during 
the f i r s t . A per iods and that the s tock l e v e l at the beginning o f the 
subsequent c y c l e i s equal t o i , fo r i < RP, w i l l be determined. A speci­
f i c path in the se t AEF. occurs i f the cumulative demand during the 
f i r s t A - l per iods i s equal to v, fo r 0 < v < S-RP-1, and i f demand 
during the remaining periods i s equal to S- i -v . The p robab i l i t y o f t h i s 
s p e c i f i c path i s 
P{D(A-l )=v)P{D(N-A+l)=S- i -v) fo r 0 < v < S-RP-1, (k) 
2 < A < N, and i < RP. 
Since demand during the A - l per iods can be any o f the pos s ib l e 
values from 0 t o S-RP-1 i nc lu s ive , 
S-RP-1 
_ j 
P ( A E F . } = ) P{D(A-l)=v)P(D(N-A+l)=S-i .-v) (5) 
v=0 
for i < RP and 2 < A < N. 
I I . Case I I : RP < i < S.--The beginning stock l e v e l o f the sub­
sequent c y c l e , i fo r RP < i < S, can be obtained only by the paths con­
tained in the set 
A EE. (6) 
Therefore, 
P {A EE ) 
a ( i | A ) = — for RP < i < S. 
P{A) 
The j o i n t p robab i l i t y that a replenishment order i s not placed during 
the f i r s t A periods and that the s tock l e v e l at the beginning o f the 
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subsequent c y c l e i s equal t o i , fo r RP < i < S, w i l l be determined. A 
s p e c i f i c path in the set AEF\ occurs i f the cumulative demand during 
the f i r s t A-l per iods i s equal to v, fo r 0 < v < S-i , and i f demand 
during the remaining per iods i s equal to S- i -v . The p robab i l i t y o f 
t h i s s p e c i f i c path i s 
P (D (A- l )=v )P (D (N-A+l )=S- i -v ] (8) 
fo r 0 < v < S-i , .2 < A < N, and RP < i < S. 
Since demand during the f i r s t A-l per iods can be any o f the 
pos s ib l e values from 0 to S-i i nc lu s ive , 
S-i 
P lAEFj = ^ P [ D ( A - l ) = v } P ( D ( N - A + l ) = S - i - v ] (9) 
v=0 
f or RP < i < S and 2 < A < N. 
Since D (A- l ) and D(N-A+l) are non-negative independent in tegra l valued 
random var iab les ( l l , p . 250), expression (9) i s a convolut ion and can 
he expressed as 
PtAEFj = P (D (N)=S- i} for RP < i < S. (10) 
I I I . P robab i l i ty o f the condi t ion , A.—The p robab i l i t y that a 
wi th in- the-cyc le replenishment order i s not placed w i l l be determined. 
A s p e c i f i c path in the set .A occurs i f demand during the A-l per iods i s 
equal t o v, fo r 0 < v < S-RP-1. The p robab i l i t y o f t h i s path i s 
P{D(A-1)=V] fo r 0 < v < S-RP-1 and 2 < A < N. ( l l ) 
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Since demand during the f i r s t A - l per iods can be any o f the 
pos s ib l e values from 0 to S-RP-1 inc lus ive , 
S-RP-1 
P { A ] = Y p M A - 1 ) = v } = P ( d ( A - 1 ) < S - R P - l } (12) 
v=0 
for 2 < A < N. 
IV. Summary o f the s tock l e v e l condi t iona l p r o b a b i l i t i e s , a ( i | A ) . - -
The s tock l e v e l cond i t iona l p r o b a b i l i t i e s , a ( i | A ) , are obtained by d i ­
v id ing expression (5) by expression (12) and by div id ing expression (10) 
by expression (12) . These p r o b a b i l i t i e s are summarized, for i < S and 
2 < A < N, as f o l l o w s : 
C D - ^ L f - J . 
(13) 
a ( i | A ) =1 
S-RP-1 
| ) P{D(A-l )=v}P{D(N-A+l)=S- i -v} 
v=0 
for i < RP, 
^P{D( W)=S-i} f or RP < i ^ S, 
where G = P{D(A- l ) < S-RP- l} . (13a) 
Stock l e v e l cond i t iona l p r o b a b i l i t i e s , a(iJABp.--The cond i t iona l proba­
b i l i t i e s , that the beginning s tock l e v e l i s equal to i , given that a 
wi th in - the -cyc le replenishment order was placed and rece ived during the 
previous c y c l e are denoted by a ( i | A B ) . These p r o b a b i l i t i e s w i l l be 
determined from the expression 
a ( i | A B ) = 
P { A B F . } 
l 
P t A B j 
for i < S. ( 1 4 ) 
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I . P robab i l i ty o f the set ABF^.—The j o i n t p robab i l i t y that a re ­
plenishment order i s p laced at the beginning o f any o f the per iods during 
the f i r s t A per iods , that th i s wi th in- the-cyc le replenishment order i s 
rece ived during the same order c y c l e , and that the s tock l e v e l at the 
beginning o f the subsequent c y c l e i s equal to i w i l l be determined. . A 
s p e c i f i c path in the set ABF_̂  occurs i f the fo l lowing independent condi­
t ions e x i s t : 
1 . The cumulative demand at the beginning o f any per iod during 
the f i r s t A per iods o f the order c y c l e i s equal t o or exceeds 
S-RP, causing a wi th in- the-cyc le replenishment order to be 
p laced . This wi th in- the-cyc le replenishment order i s p laced 
at the beginning o f per iod r i f the cumulative demand during 
the f i r s t r-2 per iods i s equal to v, which i s l e s s than S-RP, 
and i f demand during the f i r s t r - 1 per iods i s equal to or 
greater than S-RP. 
2. This wi th in- the-cyc le replenishment order i s rece ived within 
N-r pe r iods . 
3» Demand during the N-r+1 per iods af ter the replenishment order 
i s placed i s equal to S- i . 
For s p e c i f i c values o f r and v, the p robab i l i t y o f th i s path i s 
P{D(r -2 )=v}P{D( l ) > S-RP-v}P{D(N-r+l)=S-i)p{X < N-r} (15) 
fo r 2 < r < A < N, 0 < v < S-RP-1, and i < S. 
I f the wi th in- the-cyc le replenishment order i s placed at the b e ­
ginning o f per iod r , the demand during the r-2 periods can be any o f the 
poss ib l e values from 0 to S-RP-1 i nc lu s ive . Since the wi th in- the-cyc le 
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replenishment order can he placed during any o f the f i r s t A periods 
except the f i r s t , r can he any o f the poss ib l e values from 2 to A inclu-
s i v e . There f or e, 
A S - R P - 1 
P C A B F J = X Z P ^ D ( R - 2 ) = V ^ P ^ D ( N - R + 1 ) = S - I ) G 1 ( R ^ V ) ^ (16) 
r=2 v=0 
where G ^ r ^ v ) = P { D ( l ) > S-RP-v}P{X < N-r) , (l6a) 
for 2 < A < N and i < S. 
I I . P robab i l i ty o f the condi t ion , AB.—The j o i n t p robab i l i t y that 
a wi th in - the -cyc le replenishment order i s placed and rece ived during 
the same order c y c l e w i l l be determined. A s p e c i f i c path in the set AB 
occurs i f the f i r s t two condi t ions spec i f i ed for the set ABF_̂  e x i s t . 
The p r o b a b i l i t y o f th i s s p e c i f i c path i s 
P{D( r -2 )=v)p{D( l ) > S-RP-v)P{X < N-r) (17) 
for 2 < r < A < N and 0 < v < S-RP-1. 
I f the wi th in- the-cyc le replenishment order i s placed at the 
end o f per iod r , demand during the f i r s t r-2 per iods can be any o f the 
p o s s i b l e values from 0 to S-RP-1 i n c l u s i v e . Since the wi th in- the-cyc le 
replenishment order can be placed during any o f the f i r s t A periods ex­
cept the f i r s t , r can be any o f the pos s ib l e values from 2 to A inc lus ive , 
Therefore, 
A S-RP-1 
P{AB) = YJ X p M r - 2 ) = v } p ( D ( l ) ^ S-RP-v)P{X < N-r) (l8) 
r=2 v=0 
fo r 2 < A < N. 
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I I I . Summary o f the s tock l e v e l condi t iona l p r o b a b i l i t i e s , a ( i AB) 
The s tock l e v e l cond i t iona l p r o b a b i l i t i e s , a ( i | A B ) , are obtained by in ­
ser t ing expression (l6) and (l8) in to expression (l4). These p r o b a b i l i ­
t i e s are summarized as f o l l o w s : 
A S-RP-1 
Y X ? ^ R " 2 ^ = V N " R + 1 ) = S - I T > V ) 
a ( i |AB) ^ V = ° , (19) 
A S-RP-1 
r=2 v=0 
where G ^ r , v) = P (D( l ) > S-RP-v}P(X < N-r ) , (l9a) 
for 2 < A < N and i < S. 
Stock l e v e l cond i t iona l p r o b a b i l i t i e s , a( i |AB).—The cond i t iona l proba­
b i l i t i e s that the beginning s tock l e v e l i s equal t o i , given that a 
wi th in - the -cyc le replenishment order was placed and not rece ived during 
the previous c y c l e , are denoted as a ( i | A B ) . These p r o b a b i l i t i e s w i l l 
be determined from the expression 
P{ABF. } 
a ( i |AB) = ^ for i < S. (20) 
P { A B ) 
I . P robab i l i ty o f the set ABF-i_.--The j o i n t p robab i l i t y that a re ­
plenishment order i s placed at the beginning o f any o f the per iods 
during the f i r s t A per iods , that th i s wi th in- the-cyc le replenishment 
order i s not rece ived u n t i l during the subsequent order c y c l e , and that 
the s tock l e v e l at the beginning o f the subsequent c y c l e i s equal to i 
w i l l be determined. A s p e c i f i c path in the se t ABF_̂  occurs i f the 
fo l lowing independent condi t ions e x i s t : 
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1. The cumulative demand at the beginning o f any per iod during 
the f i r s t A per iods o f the order c y c l e i s equal to or exceeds 
S-RP, causing a wi th in- the-cyc le replenishment order to be 
p laced . This wi th in- the-cyc le replenishment order i s placed 
at the beginning o f per iod r i f demand during the f i r s t r -2 
per iods i s equal to v, which i s l e s s than S-RP, and i f demand 
during the f i r s t r -1 per iods exceeds S-RP by 5 items. 
2 . This wi th in- the-cyc le replenishment order requires a lead 
time greater than N-r pe r iods . 
3. Demand during the ent i re c y c l e i s equal to S- i . 
For s p e c i f i c values o f r , v, and b, the p robab i l i t y o f th i s path 
i s 
P{D(r-2)=v)P{D(l)=S-RP-v+o}p{D(N-r+l)=PJ?-o-i}p{X > N-r] (21 ) 
for 2 < r < A < N, 0 < v < S-RP-1, 0 < 5 < RP-i, 
and i < S. 
I f the wi th in- the-cyc le replenishment order i s placed at the be ­
ginning o f per iod r , the demand during the f i r s t r -2 per iods can be any 
o f the pos s ib l e values from 0 to S-RP-1 i n c l u s i v e . Since the within-the-
c y c l e replenishment order can be placed during any o f the f i r s t A periods 
except the f i r s t , r can be any o f the poss ib l e values from 2 to A inc lu ­
s i v e . Also , the cumulative c y c l e demand may exceed the minimum reorder 
quantity, S-RP, by 5 items which are at most RP-i items. Therefore, 
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A S-RP-l RPĵ J. 
PfABFj = YJ X P 1 ) = S - R p - v + 5 {D( )=RP-5-1} G 2( r - v ) 
r=2 v=0 6=0 
Y X P ^ 1 ) - S-RP-v)G 2 ( r ,v) 
R=2 V=0 
(24 ) 
where Gg( r ,v ) = P{D(r-2)=v)P{X > N-r ) , (22a) 
for 2 < A <, N and i < S. 
I I . P robab i l i ty o f the condi t ion , AB.—The p robab i l i t y that a 
wi th in - the -cyc le replenishment order i s placed and not rece ived during 
the same order c y c l e can be developed s imi la r ly to the P{AB). The only 
d i f fe rence i s that the random var iab le X must be greater than N-r, rather 
than equal to or l e s s than N-r. Therefore, 
A S-RP-1 
P{AB) = Y Y p ^ D ( r - 2 ) = v ^ p ^ D ( 1 ) - S-RP-v)P{X > N-r)- (23) 
r=2 v=0 
fo r 2 < A < N. 
I I I . Summary o f the s tock l e v e l condi t iona l p r o b a b i l i t i e s , a ( i f A B ) . - -
The s tock l e v e l cond i t iona l p r o b a b i l i t i e s , a ( i | A B ) , are obtained by in­
ser t ing expressions (22) and (23) in to expression (20). These p robab i l i ­
t i e s are summarized as f o l l o w s : 
A S-RP-1 RP-i 
X X X P T R ) ( 1 ) = S - R P - V + 5 ^ P W N-r+l )=RP- 0 - i )G 2( r , v ) 




where G_(r ,v) = P{D(r-2)=v}P{X > N-r ) , (24a) 
for 2 < A < N and i < S. 
Stock l e v e l cond i t iona l p r o b a b i l i t i e s , a ( i |AB, r ) .—The condi t iona l pro­
b a b i l i t i e s that the beginning s tock l e v e l i s equal t o i , . g i v e n that a 
wi th in - the -cyc le replenishment order was placed during the previous 
c y c l e , was not rece ived during that c y c l e , but was rece ived at the be ­
ginning o f per iod r during the subsequent c y c l e , are denoted by 
a ( i | A B , r ) . These p r o b a b i l i t i e s can be developed s imi la r ly to a ( i | A B ) . 
The only d i f fe rence i s that the random var iab le X i s equal t o N-r+r, 
rather than greater than N-r. Therefore, 
A S-RP-1 RP-i 
a ( i | A B , r ) = 
X X Z P t D ^ 1 ^ = S " R P " V + 5 ) P ^ N " r + 1 ^ R P " 6 " i ' f G 3 ^ r ^ v ) 
r=2 v=O 6=0 
A S-RP-1 
Y YJ P ^ 1 ) - S-HP-V}G (R,V) 
R=2 V=0 
(25) 
where G^(r ,v ) = P{D(r-2)=v)p{X=N-r+r) , (25a) 
for 2 < A < N, 1 < r < A - l , and i < S. 
Beginning Stock Level Stationary P robab i l i t i e s 
The beginning stock l e v e l uncondit ional stat ionary p r o b a b i l i t i e s 
can be determined in terms o f the beginning s tock l e v e l condi t iona l 
s ta t ionary p r o b a b i l i t i e s . That i s , 
a ( i ) = a ( i | A ) p { A ) + a( i |AB)P{AB) + a( i |AB)P{AB) (26) 
for i < S. 
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The p r o b a b i l i t i e s , a ( i ) are the stat ionary p r o b a b i l i t i e s o f a Markov 
chain. These p r o b a b i l i t i e s can a l so be obtained by solv ing the fo l lowing 
matrix equation: 
a = a M, (27) 
where a = [a(s) , a ( S - l ) , . . . , a(0), . . . ] , 
and M = 
m s , s m s , s - i m S,0 
m S - l , S m S - l , S - l ' ' ' m S - l , 0 
(27a) 
(27b) 
In the i n f i n i t e matrix, M, m ^ i s the p robab i l i t y that the s tock l e v e l 
i s j items at the beginning o f the subsequent c y c l e , given that the 
s tock l e v e l was i items at the beginning o f present c y c l e . 
Period Stock Level Stationary P robab i l i t i e s 
The stat ionary p r o b a b i l i t i e s that the s tock l e v e l i s equal to 
h p r i o r t o the demand in per iod r are denoted by a^ (h ) . These probabi­
l i t i e s can be determined in terms o f three per iod s tock l e v e l condi ­
t i ona l p r o b a b i l i t i e s , a ^ h l A ) , a^(h|AB) and a r ( h | A B ) , in conjunction 
with the p robab i l i t y o f the s p e c i f i c condi t ion . The cond i t ions ; A, AB, 
and AB; re fe r to the previous order c y c l e , being mutually exclus ive and 
exhaustive, that i s , 
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a ( h ) = [ a r ( h . | A ) ] P ( A } + [ a r ( h | A B ) ] P . { A B ) + [ a r ( h | A B ) ]P{ABJ (28) 
fo r 1 < r < N and h < S. 
These three per iod s tock l e v e l condi t iona l p r o b a b i l i t i e s w i l l 
be developed from N per iod s tock l e v e l cond i t iona l p r o b a b i l i t i e s , which 
are subject t o the addi t iona l condi t ion o f a s p e c i f i c replenishment lead 
time, in conjunction with the p robab i l i t y o f th i s s p e c i f i c replenishment 
lead t ime. Each o f the se ts o f N condi t ions are mutually exc lus ive and 
exhaustive. That i s , 
a ( h | A ) = ) [a ( h | A , x ) ] p { X = x ) for 1 < r < N and h < S, (29) 
r Z 1 r 
x=0 
N-l 
a (h|AB) = X [a r (h |AB,x)]P{X=x) f or 1 < r < N and h < S, (30) r 
x=0 
N-l 
and a r ( h | A B ) = ^ [ a r ( h | A B , x ) ]P{X=x] for T < r < N and h < S. (31) 
x=0 
For convenience the more d i f f i c u l t expression a r (hJAB,x) w i l l 
be developed f i r s t . From th i s expression and by making s p e c i f i c obser­
va t ions , the expressions a^ (h |A ,x ) and a^(h |AB,x) w i l l f o l l ow without a 
formal argument. In the development o f these per iod s tock l e v e l condi ­
t i ona l p r o b a b i l i t i e s ; a^(hIAB,x) , a ( h ] A , x ) , and a^(h |AB,x) ; i t i s 
convenient t o define the fo l lowing s e t s : 
1 . Set C: Contains a l l o f the paths in which a replenishment 
order i s placed within the minimum o f A or r pe r iods . 
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2 . Set C: Contains a l l o f the paths in which a replenishment 
order i s not placed within the minimum o f A or r pe r iods . 
3. Set D: Contains a l l o f the paths in which the within-the-
c y c l e replenishment order i s rece ived within the f i r s t r 
per iods in the same order c y c l e in which the replenishment 
order i s p laced. 
4. Set D: Contains a l l o f the paths in which the within-the-
c y c l e replenishment order i s not rece ived within the f i r s t r 
per iods in the same order c y c l e in which the replenishment 
i s p laced . 
5. Set G : Contains a l l o f the paths in which the beginning s tock 
on order i s t i tems. 
6. Set H^: Contains a l l o f the paths in which the per iod s tock 
l e v e l i s h i tems. 
Development o f the per iod s tock l e v e l cond i t iona l p r o b a b i l i t i e s , 
ar(h|AB^x).—The cond i t iona l p r o b a b i l i t i e s that the s tock l e v e l i s equal 
to h at the beginning o f per iod r , a^(h[AB,x) , given that a within-the-
c y c l e replenishment order was placed during the previous c y c l e and was 
not rece ived during that order c y c l e and given that the replenishment 
lead time for the beginning c y c l e order i s x, are denoted by a^ChjAB, x ) . 
These per iod s tock l e v e l condi t iona l p r o b a b i l i t i e s , a r (hJAB,x) , 
w i l l be developed from A - l per iod stock l e v e l condi t iona l p r o b a b i l i t i e s , 
which are subject t o the addi t ional condi t ion o f r ece iv ing the carry­
over replenishment order at the beginning o f a par t i cu la r per iod , r . 
These A - l condi t ions are mutually exclus ive and exhaustive, and the ran­
dom var iables X and R are independent. Therefore 
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a r ( h | A B , x ) = ^ [ a r (h |AB,x , r ) ]P{R=r |AB] (32) 
r= l 
for 1 < r < N, h < S, and 0 < x < N- l . 
The fo l lowing expressions w i l l he useful in developing a ( h | A B , x , r ) : 
the beginning stock l e v e l condi t iona l p r o b a b i l i t i e s , a ( i | A B , r ) (p re ­
v ious ly deve loped) ; the s tock-on-order condi t iona l s tat ionary p robab i l i ­
t i e s , u(t[AB~); and the beginning s t o c k - l e v e l and s tock-on-order condi t iona l 
p r o b a b i l i t i e s , b ( z | A B , r ) ; and the r ece ip t o f carry-over replenishment 
order cond i t iona l p r o b a b i l i t i e s , P{R=rJAB}. 
Beginning s tock-on-order condi t iona l s tat ionary p robab i l i t i e s . - -The con­
d i t i o n a l p r o b a b i l i t i e s that the s tock on order i s equal t o t , given that 
a wi th in- the-cyc le replenishment order was placed during the previous 
c y c l e , was not rece ived during that c y c l e , but was rece ived at the be­
ginning o f per iod r o f the present c y c l e , are denoted by u ( t | A B , r ) . 
These p r o b a b i l i t i e s w i l l be determined from the expression 
P{AB,r,G } 
u ( t | A B , r ) = = — for t > S-RP. (33) 
P{AB,r) 
I . P robab i l i ty o f the set AB, r, Gt---The p robab i l i t y that a replen­
ishment order i s placed at the beginning o f any o f the periods during 
the f i r s t A per iods o f the c y c l e , that th i s wi th in- the-cyc le replenish­
ment order i s not rece ived during the same order c y c l e , but i s rece ived 
at the beginning o f per iod r o f the subsequent c y c l e , and that th i s re ­
plenishment order i s for t items, w i l l be determined. A s p e c i f i c path 
in the set AB,r,G occurs i f the fo l lowing independent condi t ions e x i s t : 
Ik2 
1. The cumulative demand at the beginning o f any per iod during 
the f i r s t A periods o f the order cyc le i s equal to t , which 
i s equal to or greater than S-RP, causing a wi th in- the-cyc le 
replenishment order to be placed. This wi th in- the-cyc le order 
i s placed for t items at the beginning o f per iod r i f demand 
during the f i r s t r-2 per iods i s equal to v, which i s l e s s than 
S-RP, and i f demand during the f i r s t r - 1 periods i s equal to 
t items, for t i s equal to or greater than S-RP. 
2. This wi th in - the-cyc le replenishment order requires a lead 
time greater than N-r per iods , but equal to N-r+r pe r iods . 
For s p e c i f i c values o f r and v, the p robab i l i ty o f th i s path i s 
P{D(r -2)=v}p{D(l )= t -v}p{X=N-r+r} ( j 4 ) 
for 2 < r < A, S-RP < t, 0 < v < S-RP-1, 0 < x < N-l , 
and 1 < r < A - l . 
Since the wi th in- the-cyc le replenishment order can be placed at 
the beginning o f any o f the per iods during the f i r s t A per iods , except 
the f i r s t , r can be any o f the poss ib le values from 2 to A inc lus ive . 
I f the wi th in - the -cyc le replenishment order i s placed at the beginning 
o f per iod r, demand during the r-2 periods can be any o f the poss ib le 
values from 0 to S-RP-1 i nc lu s ive . Therefore, 
A S-RP-1 
p { A i " , ? , G t } = Y Y p ^ D ( r - 2 ) = v ^ p ^ D ( 1 ) = t - v ^ p ^ x = N - r + r ^ (35) 
r=2 v=0 
for S-RP < t , 0 < x < N-l , and 1 < r < A - l . 
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I I . P robab i l i ty o f the condi t ion , AB,r.--The p robab i l i t y that a 
replenishment order i s placed, not rece ived during the same order c y c l e , 
but rece ived at the beginning o f per iod r during the subsequent c y c l e 
can be determined s imi la r ly t o P{AB}. The only d i f fe rence i s that the 
random var iab le X i s equal to N-r+r, rather than greater than N-r. 
Therefore, 
A S-RP-1 
P{AB,r) = X X P ^ r , ( r - 2 ) = V ^ P ^ D ( 1 ) ^ S-RP-v)P{X=N-r+r) (36) 
r=2 v=0 
for 0 < x < N-l and 2 < A < N. 
I I I . Summary o f s tock-on-order condi t iona l p robabi l i t i es .—The 
stock-on-order condi t iona l p r o b a b i l i t i e s , u ( t | A B , r ) , are obtained by 
inser t ing expressions (35) and (36) in to expression (33)« These proba­
b i l i t i e s are summarized as f o l l o w s : 
A S-RP-1 
Y X P W l M - v t o ( r , v ) 
u ( t [AB, r ) = £ f 2 _ v = 0 . ^ (37) 
A S-RP-1 
Y X P t D ( 1 ) ^ S-RP-v)G 5 ( r ,v) 
r=2 v=0 
where G^(r ,v ) = P{D(r-2)=v}p(X=N-r+r}, (37a) 
for 0 < x < N-l and 2 < A < N. 
IV, Beginning stock l e v e l and stock-on-order conditional, s tat ionary 
p r o b a b i l i t i e s b (z |AB, r ) .—The condtional s tat ionary p r o b a b i l i t i e s 
that the sum o f s tock l e v e l and stock on order i s equal to z, given that 
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a wi th in- the-cyc le replenishment order was placed during the previous 
c y c l e , was not rece ived during that order c y c l e , hut was rece ived at 
the beginninf o f per iod r o f the present c y c l e , are denoted by b ( z , A B , r ) . 
The values which z assumes are z=S, S-l , . . . . This development i s 
s imilar to the development o f a ( i | A B , r ) , except that the demand during 
the N-r+1 per iods must be equal to S-z i f the sum o f s tock l e v e l and 
stock on order at the beginning o f the subsequent cyc l e equals z . Also , 
the minimum order quantity, S-RP, may be exceeded by any .quantity. The 
resu l t ing expression i s summarized as f o l l o w s : 
A S-RP-1 
P { D ( l ) > S-RP-v}p{D(N-r+1)=S-z}G^(r, v) 
b ( z | A B , r ) = ^ ^ , ( 58) 
A S-RP-1 
PCD(l) > S-RP- v }G^( r ,v ) 
r=2 v=0 
where G^(v , r ) = P{D(r-2)=v}P{X=N-r+r), (38a) 
for 2 < A < N and z < S. 
V. Receipt o f carry-over replenishment order condi t iona l proba­
b i l i t i e s .--The cond i t iona l p r o b a b i l i t i e s that a carry-over order i s r e ­
ceived at the beginning o f per iod r, P{R=r|AB}, given that a within-the-
c y c l e replenishment order was placed during the previous c y c l e and not 
rece ived during that order c y c l e , are denoted by P{R=r|AB~}. The random 
var iab le , R, corresponds to the per iod in which the carry-over replenish­
ment order i s rece ived ; and r = 1, 2, . . . , A - l are the values which 
th i s random var iable assumes. These condi t iona l p r o b a b i l i t i e s fo r the 
rece ip t o f the carry-over replenishment order w i l l be used as shown in 
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expression (32) in the development o f the per iod stock l e v e l cond i t iona l 
p r o b a b i l i t i e s , a r ( h | A B , x ) . 
As an intermediate step in obtaining P{R=r|AB], i t i s convenient 
to determine the j o i n t p r o b a b i l i t i e s that a replenishment order i s 
car r ied over and that th i s order i s rece ived at the beginning o f per iod 
r in the subsequent c y c l e , which are denoted as P{R=r,AB}. Also , the 
p r o b a b i l i t i e s that the wi th in - the -cyc le replenishment order i s placed 
at the beginning o f per iod w, P{W=w), w i l l be determined. The random 
var iab le W corresponds to the per iod in which the wi th in- the-cyc le re ­
plenishment order i s placed, and w = 2, 3, • • A are the values which 
th i s random var iab le assumes. 
A wi th in - the -cyc le replenishment order i s placed at the beginning 
o f per iod w i f demand during the f i r s t w-2 periods i s equal to v, fo r 
0 < v < S-RP-1, and i f demand during the next per iod i s equal to or 
greater than S-RP-v. The p robab i l i t y o f th i s s p e c i f i c path i s 
P{D(w-2)=v}P{D(l) > S-RP-v) fo r 0 < v < S-RP-1 (39) 
and 2 < w < A. 
I f the wi th in - the-cyc le replenishment i s placed at the beginning 
o f per iod w, demand during the f i r s t w-2 periods can be any o f the pos­
s i b l e values from 0 to S-RP-1 i nc lu s ive . Therefore, 
S-RP-1 
p{W=w) = Y P(D(w-2)=v}P{D(l) > S-RP-V] (40) 
v=0 
for 2 < w < A. 
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A s p e c i f i c path in which a wi th in- the-cyc le replenishment order 
i s car r ied over in to the subsequent c y c l e and i s rece ived at the begin­
ning o f per iod r in th is subsequent cyc l e occurs i f the wi th in- the-cycle 
replenishment order, W, i s placed at the beginning o f per iod w, for 
2 < w < A, and i f the lead time for th i s replenishment order i s equal 
t o N-w+r. The p robab i l i t y o f th i s s p e c i f i c path i s 
P{W=w}P{X=Niw+r} for 2 < w < A < N and 1 < r < A - l . ( 4 l ) 
Since the random var iab le W can be any o f the poss ib l e values 
from 2 to A inc lus ive , 
A 
P{R=r,AB} = ^P{W=w)P{X=N-w+r) for 1 < r < A - l . (42 ) 
w=2 
The cond i t iona l p robab i l i t y that a carry-over order i s rece ived 
at the beginning o f a par t icu lar per iod r, given that a wi th in- the-cyc le 
replenishment order i s placed and not rece ived during the previous order 
c y c l e , can be obtained by inser t ing expressions ( 4 2 ) and ( 2 3 ) into the 
fo l lowing expression: 
P{R=r|AB) = p ^ = r ^ A B ) fo r 1 < r < A - l . ( 4 3 ) 
P{AB} 
VI . Development o f the per iod s tock l e v e l condi t iona l p robab i l i ­
t i e s , a r (b [AB,x , r ) . - -The condi t iona l p r o b a b i l i t i e s that the stock l e v e l 
i s equal to h p r io r to the demand in per iod r, given that a within-the-
c y c l e replenishment order was1 placed during the previous c y c l e , was not 
rece ived during that c y c l e , but was rece ived at the beginning o f per iod r 
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o f the present c y c l e , and given that the replenishment lead time fo r 
the beginning c y c l e order i s x per iods , are denoted as a ( h | A B , x , r ) . 
In the development o f a ( h | A B , x , r ) , consider the cases corresponding to 
the four mutually exclus ive and exhaustive se t s : r < r and r < x+1, 
r > r and r < x+1, r < r and r > x+1, r > r and r > x+1. 
A. Case I : r < r and r < x+1 . - - In th i s case neither the be ­
ginning c y c l e replenishment order nor the carry-over replenishment order 
have been rece ived . Consequently, the s tock l e v e l at the beginning o f 
per iod 1 i s equal to the beginning stock l e v e l . Therefore, 
a,1(h\m,x)r) = a (h |AB,r ) for 1 < r < A - l and 1 < x+1 < N. 
(44) 
For r > 1, consider the sub-cases corresponding to the sub-sets obtained 
by dichotomizing th i s set in to the fo l lowing mutually exclus ive and ex­
haustive sub-se ts : h < RP and RP < h < S. 
1 . Sub-case I : h < RP.—The s tock l e v e l i s equal to h, fo r 
h < RP, p r io r to the demand in per iod r, only by the paths contained in 
the set 
CH^ + CDH^ + CDH^ . (45) 
Since th is set i s the union o f mutually exclus ive se ts , 
a r ( h [ A B , x , r ) = P t C ^ } * + P(CDR^} + PCCDI^} (46) 
for h < RP, 2 < r < N, 0 < x < N-l, A < N, 
2 < r < r < A - l , and 2 < r < x+1 < N. 
-* — 
For convenience o f nota t ion , the cond i t ions ; AB,x , r ; w i l l be 
omitted from P(CH, } and similar p r o b a b i l i t i e s throughout th i s sec t ion . 
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a. Probabi l i ty o f the paths in the set CHh.--In th i s 
development, consider the sub-cases corresponding to the sub-sets obtained 
by dichotomizing th is set Into the fo l lowing mutually exc lus ive and ex­
haustive sub-se ts : 2 < r < A < N-l and 2 < A < r < N„ 
( 1 ) Sub-case I ; r < A.--The p robab i l i t y that a re ­
plenishment order i s not placed within the f i r s t r per iods and that the 
s tock l e v e l i s equal to h, for h < RP, p r io r to the demand in per iod r, 
fo r 2 < r < A, w i l l be determined. A s p e c i f i c path in the set CH^ occurs 
i f the beginning s tock l e v e l i s equal t o i , fo r h < i < h+(S-RP-l ) , and 
i f demand during the f i r s t r -1 per iods i s equal t o i -h . The p robab i l i t y 
o f t h i s s p e c i f i c path i s 
a ( i | A B , r ) P { D ( r - l ) = i - h ) fo r h < i < h+( S-RP-l) , (47) 
2 < r < A < N, h < RP, 2 < r < r < A - l , 
and 2 < r < x+1 < N. 
Since the beginning s tock l e v e l can be any o f the pos s ib l e values 
from h to h+(S-RP-l) i nc lus ive , 
h+( S-RP-1) 
TlCB^] = Y a ( i | A B , r ) p { D ( r - l ) = i - h ) (48) 
i=h 
f or 2 < r < A < N, h < r < r < A - l , 
and 2 <, r < x+1 < N. 
( 2 ) Sub-case I I : A < r.—The p robab i l i t y that a replen­
ishment order i s not placed within the order c y c l e and that the s tock 
l e v e l i s equal t o h, for h < RP, p r io r to the demand in per iod r, A < r , 
ih-9 
w i l l be determined. A s p e c i f i c path in the set CH^ occurs i f the following 
three c o n d i t i o n s : e x i s t : 
1 . The beginning stock l e v e l i s equal to i , fo r h < i < S. 
2. Demand during the f i r s t A - l periods i s equal to v, for 
0 <, v < S-RP-1. 
3. Demand during the next r-A+1 periods i s equal to i - v -h . 
For s p e c i f i c values o f i and v, the p robab i l i t y o f th is s p e c i f i c 
path i s 
a ( i | A B / r ) P { D ( A - l ) = v } P { D ( r - A ) = i - v - h } (49) 
for h £ i ^ S, 2 < A < r < N, 0 < v < S-RP-1, 
h < RP, 2 < r < r < A - l , and 2 < r < x+1 < N. 
The beginning s tock l e v e l can be any o f the poss ib l e values from 
h to S i n c l u s i v e . Demand during the f i r s t A - l periods can be any o f 
the poss ib l e values from 0 to S-RP-1 i nc lu s ive . Therefore, 
S S - R f - 1 
PlCH^) = y ) a ( i |AB, r )P{D(A- l )=v}P{D(r -A- )= i -v -h ] (50) 
i=h v=0 
for 2 < A < r < N, h < RP, 2 < r < r < A - l , 
and 2 < r < x+1 < N. 
b . P robab i l i ty o f the paths in the set CDHh»--The proba-
b i l i t y that a wi th in- the-cyc le replenishment order i s placed at the be ­
ginning o f any o f the periods during the minimum o f the f i r s t A or r 
per iods , that th is replenishment order i s not rece ived , and that the 
stock l e v e l at the beginning o f per iod r i s equal to h w i l l be determined. 
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A s p e c i f i c path in the set CDH^ occurs i f the fo l lowing four condi t ions 
e x i s t : 
1 . The beginning stock l e v e l i s equal to i . 
2. The cumulative demand at the beginning o f any period during 
the minimum o f the f i r s t A or r periods o f the order cyc le 
i s equal to or greater than S-RP, causing a wi th in- the-cyc le 
replenishment order to be p laced. This wi th in- the-cycle re ­
plenishment order i s placed at the beginning o f per iod r ' i f 
the demand during the f i r s t r ' - 2 periods i s equal t o v, which 
i s l e s s than S-RP, and i f the demand during the f i r s t r ' - l 
per iods exceeds S-RP by 5 i tems. 
3« This wi th in- the-cyc le replenishment order requires a lead 
time greater than r - r ' pe r iods . 
4. Demand during the f i r s t r - 1 periods i s equal to i -h . 
For s p e c i f i c values o f i , r , v, and 6, the p robab i l i t y o f th i s 
path i s 
a ( i | A B , r ) p { D ( r ' - 2 ) = v } p { x > r-r« ) g ( i , r ' , v ) , (51) 
where g ( i , r ' , v ) = P£D( 1)=S-RP-V+S)P{D( r - r 1 )=d-( S-RP+5)-h}, ( 51a) 
for h+S-RP < i < S, 0 < 6 < ( i - h ) - ( S-RP), 2 < r ' < r < A - l < N - l , 
0 < v < S-RP-1, 2 < r < r < A - l , and 2 < r < x+1 < N. 
I f the wi th in- the-cyc le replenishment order i s placed at the be ­
ginning o f per iod r ' , the demand during the r ' -2 periods can be any o f 
the poss ib l e values from 0 to S-RP-1 i nc lus ive . The beginning stock 
l e v e l , i , must be greater than h by at l eas t S-RP or no wi th in- the-cycle 
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replenishment order i s p laced; therefore , the index o f i ranges from h+ 
S-RP to S. The wi th in- the-cycle replenishment order may he placed at 
the beginning o f any period in e i ther the f i r s t A or r per iods, which­
ever i s smaller except the f i r s t ; hence, r ' can be any o f the poss ib le 
values from 2 to the minimum o f e i ther A or r i nc lus ive . Also the cumu­
l a t i v e c y c l e demand at the end o f per iod r ' - l may exceed the minimum 
reorder quantity S-RP by & items which are at most ( i - h ) - (S-RP) items. 
Therefore, 
S min ( A , r ) S-RP-1 
PlCDH^} = Y Z j X a ( i | A B , r ) P { D ( r ' - 2 ) = v } P { X > r-r« J G ^ ^ r ^ v ) , 
i=h+S-RP r'=2 v=0 
(52) 
( i -h W S-RP) 
where G ( i , r f , v ) = ) P { d ( 1)=S-RP-V+o}p{D(r-r ' )= i - ( S-RP+&)-h}, 
5=0 
f or 2 < r < A - l < N- l , h < RP, 2 < r < r < A - l , and 2 < r < x+1 < N. 
(52a) 
c . P robab i l i ty o f the paths in the set C D H ^ . - - T h e proba­
b i l i t y that a wi th in - the-cyc le replenishment order i s placed at the 
beginning o f any o f the per iods during the minimum o f the f i r s t A or r 
per iods , that th is replenishment order i s rece ived at or before the b e ­
ginning o f per iod r , and that the stock l e v e l at the beginning o f per iod 
r i s equal to h w i l l be determined. A s p e c i f i c path in the set C D H ^ 
occurs i f the fo l lowing four condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to i . 
2. The cumulative demand at the beginning o f any per iod during 
the minimum o f A or r periods o f the order cyc l e i s equal 
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t o or greater than S-RP, causing a wi th in- the-cycle replenish­
ment order t o be p laced. This wi th in- the-cycle replenishment 
order i s placed at the beginning o f per iod r 1 i f demand during 
the f i r s t r ' - 2 per iods i s equal t o v, which i s l e ss than S-RP, 
and i f the demand during the f i r s t r ' - l periods i s equal t o or 
greater than S-RP. 
3« This wi th in - the-cyc le replenishment order i s rece ived within 
r 1 - r pe r iods . 
4. Demand during the r : - r T periods af ter the replenishment order 
i s p laced i s equal to i -h . 
For s p e c i f i c values o f i , r , and v, the p robab i l i t y o f th i s path 
i s 
a ( i |AB ' , r )P{D( r l -2 )=v}P{X < r - r 1 } G 2 ( i , r ' , v ) , (53) 
where G 2 ( i , r ! , v ) = P { D ( l ) > S-RP-v]P{D(r-r ! ) = i - h ] , (53a) 
for h < i < S, 2 < r 1 < r < A - l < N-l , 0 < v < S-RP-1, 
2 < r < r < A - l , and 2 < r < x+1 < N. 
I f the wi th in - the -cyc le replenishment order i s placed at the b e ­
ginning o f per iod r 1 , the demand during the r ' -2 per iods can be any o f 
the pos s ib l e values from 0 to S-RP-1 i nc lu s ive . The beginning stock 
l e v e l , i , must be equal to or greater than h; therefore , the beginning 
s tock l e v e l can be any o f the values from h to S i nc lu s ive . The within-
t h e - c y c l e replenishment order may be placed at the beginning o f any 
period in e i ther the f i r s t A or r per iods , whichever i s the smaller, 
except the f i r s t pe r iod ; hence r ' can be any o f the poss ib le values 
from 2 to the minimum o f e i ther A or r i nc lus ive . Therefore, 
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S MINO^r) S-RP-1 
icBE^} = X X ^ I ^ ^ P l D t r ' ^ ^ V M X - R _ R 1 TAGU^V), 
I=H r'=2 V=0 
(54) 
WHERE G 2 ( I , R ' , V ) = P (D( l ) > S-RP-VMLXR-R' )=I-H], (54a) 
fo r h < S, 2 < R < r < A - l , and 2 < R < x+1 < N. 
2. Sub-case I I : RP < h < S.—The s tock l e v e l i s equal to h, 
fo r RP < h < S, p r i o r t o the demand in per iod r by the paths contained 
in the set 
CJ^ + C D ^ . (55) 
Since th i s set i s the union o f mutually exc lus ive se t s , 
a r ( h | A B , x , r ) = P l C ^ } + PlCDH^} (56) 
fo r RP < h < S, 2 < r < N, 0 < x < N-l , 
1 < r < A - l < N- l , 2 < r < r < A - l , 
and 2 < r < x+1. 
a. Probab i l i ty o f the paths in the set CB"h.--The proba-
b i l i t y that a replenishment order i s not placed within the minimum o f 
A or r per iods and that the s tock l e v e l i s equal to h, for RP < h < S, 
p r i o r to the demand in per iod r w i l l be determined. A s p e c i f i c path in 
the set CH^ occurs i f the beginning stock l e v e l i s equal to i , fo r 
h < i < S, and demand during the r - 1 per iods i s equal to i -h . The 
p robab i l i t y o f th i s s p e c i f i c path i s 
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a ( i | A B , r ) P { D ( r - l ) = i - h ) (57) 
fo r RP < h < i < S, 2 < r < r < A - l , and 
2 < r < x+1 < N. 
The beginning stock l e v e l , i , can be any one o f the poss ib le 
values from h to S i n c l u s i v e . Therefore, 
S 
PlCH^} = ^ a ( i | A B , r ) P { D ( r - l ) = i - h ) (58) 
i=h 
f or RP < h < S, 2 < r < r < A - l , and 2 < r < x+1 < N. 
b . P robab i l i ty o f the paths in the set CDHh«—The proba­
b i l i t y that a replenishment order i s placed at the beginning o f any o f 
the per iods during the minimum o f the f i r s t A or r per iods , that th i s 
replenishment order i s rece ived at or before the beginning o f per iod r , 
and that the s tock l e v e l i s equal to h, f o r RP < h < S, p r io r to the 
demand in per iod r was determined as expression (54). The only res t r ic ­
t i o n fo r expression (54) upon h i s that h < S. 
3. Summary o f Case I : r < r and r < x+1.—Case I w i l l be 
summarized for r = l and fo r r > 1 . Expression (44) i s rewrit ten for 
r = l . The per iod s tock l e v e l p r o b a b i l i t i e s corresponding to Sub-case I 
fo r r > 1 are obtained by combining and s implifying expressions (48) , 
(5°), (52), and (54). The per iod s tock l e v e l condi t iona l p r o b a b i l i t i e s 
corresponding to Sub-case I I fo r r > 1 are obtained by combining and 
simplifying expressions (54) and (58). Therefore, 
r 
a(h |AB,r) for h < S, r= l , 1 < r < A - l < N-l and 1 < x+1 < N; (59) 
min(A.r) S-RP-1 \ + X Z P ( D ( r , - 2 ) = v } Z ^l^) 1 ^ > r - r ' } G ( i , r ' , v ) 
r ' = 2 v=0 i=h+S-RP 
+ ) a ( i |AB , r )P{X < r - r 1 } G 2 ( i , r « , v ) 
a ( h | A B , x , r ) = / for h < RP, 2 < r < r < A - l < N-l , and 2 < r < x+1 < N; 
Y a( i | AB, r ) {D( r - 1 )= i -h} 
i=h 
S minCA^r) S-RP-1 
+ Z Z Z ^ I ^ ^ P l D C r ' ^ ^ v M x ^ r - r ' j G ^ i ^ S v ) 
i=h r '=2 v=0 
for RP < h < S, 2 < r < r < A < N-l , and 2 < r < x+1 < N; 
i—1 
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( i -hHS -HP) 
where G ^ i ^ r ' ^ v ) = P{D(l)=S-RP-v+6}P{D(r-r ' )= i - ( S-RP+6 ) - h ] , 
8=0 
(59a) 
G ( i , r f , v ) = P{D( l ) > S - R P - v ) P { D ( r - r , ) = i - h ] , 
S S-RP-1 
i=h v=0 
and H = < 
h+( S-RP-1) 
a ( i | A B , r ) P { D ( r - l ) = i - h } 
i=h 
fo r 2 < r < A < N. 
(59b) 
a( i | AB, r ) P {D ( A - 1 )=v } P (D( r -A+1)=i-v~h} (59c) 
f or 2 < A < r < N, 
B. Case I I : r > r and r < x + 1 . - - I n th i s case the carry-over 
replenishment order has been rece ived , with the beginning c y c l e replenish­
ment order outstanding. Therefore, the s tock avai lab le during the f i r s t 
r per iods i s the sum o f beginning stock l e v e l and stock on order and 
i s denoted by z . The condi t iona l p robab i l i t y o f z items, given the 
condi t ion AB,r, i s denoted by b ( z | A B , r ) . The development for Case I I 
i s i d e n t i c a l with the development o f Case I except that the expressions 
involving a ( i | A B , r ) , and i are replaced by b ( z | A B , r ) and z, r e spec t i ve ly . 
The resu l t ing expression for a^(h |AB,x , r ) i s summarized as f o l l o w s : 
a r ( h | A B , x , r ) =< 
b (h |AB, r ) fo r h < S, r = l , l= r < A - l < N-l,and 1 < x+1 < N; 
minCA^r) S-RP-1 S 
H 2
 + X X p{D(r ,-2)=v} X b ( z l ^ r ) P { X > r-r»}G ( z , r » , v ) 
r '=2 v=0 z=h+S-RP 
+ 2 J b ( z l A B > ? ) p t x ^ r " r ' ^ ( z ^ r 1 ^ ) 
z=h 
for h < RP, 2 < r < r < N-l , and 2 < r < x+1 < N; 
(60) 
Xb( z | AB,r )P{D( r - l ) = z -h] 
z=h 
S min(A,r) S-RP-1 
+ YJ X X b ( z | A B , r ) p { D ( r ' - 2 ) = v}p{X < r - r 1 } G ^ ( z , r » , v) 
z=h r'=2 v=0 




where G_ , (z , r ' , v ) = 
5 
P{D(l)=S-RP-v+6]p{D(r-r ' )=z-( S-RP+6)-h], 
6=0 





Y YJ b ( z l A B ^ ) p ^ ( A - l ) = v } P { D ( r - A + l ) = z - v - h ] (60c) 
z=h v=0 
and H 2 =< 
f or 2 < A < r < N, 
h+( S-RP-1) 
z=h 
b ( z | A B , r ) P ( D ( r - l ) = z - h ) 
fo r 2 < r < A < N. 
C. Case I I I : r < r and r > x+1. — In th i s case, the beginning 
c y c l e replenishment order has been rece ived , with the carry-over replen­
ishment order outstanding. Therefore, the s tock avai lable during the 
f i r s t r per iods i s the d i f fe rence between the order l e v e l , S, and the 
carry-over replenishment order, t . The p robab i l i t y that the carry-over 
replenishment order i s fo r t items i s denoted by u ( t ) . I f t = S-a, 
there are a items avai lab le during the f i r s t r pe r iods ; and the condi­
t i o n a l p robab i l i t y o f OL items avai lable during the f i r s t r periods i s 
denoted by u ( S - a | A B , r ) . The development fo r Case I I I i s i den t i ca l with 
the development o f Case I except that the expressions involving a ( i | A B , r ) 
and i are replaced by u(S-a |AB,r) and a, r e spec t ive ly . The resul t ing 
expression for a^(h |AB,x , r ) i s summarized as f o l l o w s : 
U(S-H|AB,R) FOR H < S, R=L, 1 < R < A-L < N-L, AND X=0; (61) 
MIN(A,R) S - R P - 1 
V P{D(R'-2)=V} X U(S-A|AB,R)P{X > R-R«)G (A,R»,V) 
Rf=2 V=0 a=h+S-RP 
+ ) U(S-A|AB,R)P{X < R - R ' J G I A ^ V ) 
a =h 
F OR H < RP, 2 < R < r < A-L < N-L, AND 2 < X+1 < R < N; 
AJH|AB,X,?) = < 
X U( S-a|AB,R )P{D(R-L)=Q5-H) 
S MINC^R) S-RF^-1 
+ 2 J 2 , 2 , u ( s - a l A B ^ ) p i D ( I , , - 2 ) = V } P { X < R-R«}G 6(A,R',V) 
a=h R'=2 V=0 




( a - h W s - R P ) 
where Gc- (a , r ' , v ) = 
5=0 
P(D( 1 )=S-RP-v+S }P(D(r - r ' )=a-( S-RP+o)-h), 
(6la) 
G g ( a , r ' , v ) = P (D( l ) > S-RP-v}p(D(r - r ' )=a-h} , (61b) 
S S-RP-1 
a=h v=o 
and H = < 
f or 2 < A < r < N, 
h+( S-RP-l) 
Y u (S -a |AB, r )P{D(r - l )=a -h ] 
a=h 
for 2 < r < A < N. 
D. Case IV: r > r and r >̂ X+1.—In th i s ease, both the be ­
ginning c y c l e replenishment order and the carry-over replenishment order 
have been rece ived . Therefore, the s tock avai lable during the f i r s t r 
per iods i s equal to S, with unit p robab i l i t y . The development for Case 
IV i s i d e n t i c a l with the development o f Case I except that the stock 
upon which demand i s made i s S items with unit p robab i l i t y rather than 
in Case I in which the s tock upon which demand was made i s i with pro­
b a b i l i t y a ( i | A B , r ) . The resu l t ing expression for a r ( h | A B , x , r ) i s 
summarized as f o l l o w s : 
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;hS 
fo r r=l=r=x+l; 
m i n i A r ) S-RP-1 
(62) 
X P (D(r ' -2 )=v} P{X > r - r ' } G ( r ' , v ) 
a ( h | A B , x , r ) =< 
r ' =2 v=0 
+ P{X < r - r ' } G g ( r ' , v) 
f or h < RP, l < r < r < N, r > 2, 
and 1 < x+1 < r < N; 
P(D(r - l )=S-h) 
mintA,r) S-RP-1 
+ y / P{D( r ' -2 )=v}p{X < r - r ' } G 8 ( r ' y v ) 
r'=2 v=0 
for RP < h < S, 1 < r < r < N, r > 2, 
and 1 < x+1 < r < N; 
RP-h 
where G ( r ! , v ) = ^ p W l ) = S - R P - v + 6 } p { D ( r - r ' )=RP-6-h}, (62a) 
6=0 
G g ( r ' , v ) = P { D ( l ) > S-RP-v}p{D(r - r ' )=S-h) , 
CS-RP-1 




and = < f or 2 < A < r < N, 
for 2 < r < A < N. 
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Development o f the per iod s tock l e v e l condi t ional p r o b a b i l i t i e s , 
a r ( b | A , x ) . - - T h e condi t iona l p r o b a b i l i t i e s that the stock l e v e l i s equal 
t o h p r io r t o the demand in per iod r , a ( h | A , x ) , given that no within-
t h e - c y c l e replenishment order was placed during the previous c y c l e and 
that the replenishment lead time fo r the beginning cyc l e replenishment 
order i s x, are denoted by a ( h | A , x ) . These p r o b a b i l i t i e s w i l l be de­
termined in terms o f the beginning stock l e v e l condi t iona l s tat ionary 
p r o b a b i l i t i e s , a ( i | A ) . Consider the cases corresponding to the two 
mutually exc lus ive and exhaustive s e t s : r < x+1 and r > x+1. 
For Case I with r < x+1, the beginning c y c l e replenishment order 
has not been rece ived . Also s ince the set A does not resul t in a r e ­
plenishment order outstanding, any reference to the per iod in which a 
wi th in- the-cyc le replenishment order i s rece ived during the subsequent 
c y c l e i s not relevant in the development o f a ^ ( h [ A , x ) . Consequently, 
t h i s development i s s imilar t o the development o f a^(h |AB,x , r ) which 
was summarized in expression (59) fo r r < r and r < x+1 except that the 
expression a ( i fAB, r ) i s replaced by a ( i [ A ) and any reference t o r i s 
omitted. The resu l t ing expression i s summarized as f o l l o w s : ( see next 
page) 
r 
a(h |A) for h. < S, r = l , and 1 < x+1 < N; (63) 
a r ( h | A , x ) =< 
i n ( A , r ) S-RP-1 
H 5 + 
P { D ( r ' - 2 ) = v } a ( i | A ) P { x > r - r ' ) G ( i , r ' , v ) 
r»=2 v=0 i=h+S-RP 
V "1 *" 
+ ^ a d l A M x ^ r - r ' } G 2 ( i , r S v ) 
i=h 
for h < RP, 2 < r < x+1 < N, and 2 < A < N; 
^ a ( i [ A ) p { D ( r - l ) = i - h ] 
i=h 
S mlnC/^r) S-RP-1 
+ Y X X a ( i l ^ ) p ^ r , - 2 ) i = v ) p t x ^ r - r l } G 2 ( i , r S v ) 
i=h r '=2 v=0 
for RP < h < S, 2 < r < x+1 < N, and 2 < A < N; 
H 
l6k 
( i - h W S-RP) 
where G ( i , r ' , v ) = ) P {D( 1)=S-RP-V+S}P{D( r - r ' ) = ! - ( S-RP+o)-h), 
6=0 
(63a) 
G 2 ( i , r ' , v ) = P { D ( l ) > S-RP-v}p{D(r-r ' ) = i - h ] , (65b) 
S S-RP-1 
Y X a ( i l A ) p ^ D ( A - 1 ) = v ^ p ^ D ( r - A - 1 ) : = : L - v - h ^ (63c) 
i=h v=0 
and H_ =< 
5 
f or 2 < A < r < N, 
h+(S-RP-l) 
Y a ( i | A ) P { D ( r - l ) = i - h ] 
i=h 
fo r 2 < r < A < N. 
For Case I I with r > x+1, the beginning c y c l e replenishment order 
has been rece ived . Consequently, there are S items from which demand 
during the f i r s t r per iods i s made. This development i s i den t i ca l with 
the development o f a r ( h | A B , x , r ) fo r r > r and r > x+1. Therefore, 
a^ (h |A ,x) for r > x+1 i s the same expression as a^(h |AB,x , r ) for 
r ^ x+1 and r > r . See expression (62). 
Development o f the per iod s tock l e v e l condi t iona l p r o b a b i l i t i e s , 
a r (h [AB,x ) . - -The condi t iona l p r o b a b i l i t i e s that the stock l e v e l i s 
equal t o h at the beginning o f per iod r , a r ( h | A B , x ) , given that a 
wi th in- the-cyc le replenishment order was placed and rece ived during the 
previous cyc l e and given that the replenishment lead time fo r the 
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beginning cyc le order i s x, are denoted by a^(h |AB,x) . These proba­
b i l i t i e s w i l l be determined in terms o f the beginning stock l e v e l 
cond i t iona l s tat ionary p r o b a b i l i t i e s , a ( i | A B ) . Consider the cases 
corresponding t o the two mutually exclus ive and exhaustive se ts : 
r < x+1 and r > x+1. 
For Case I with r < x+1, the beginning cyc l e replenishment 
order has not been rece ived . Also since the set AB does not r e su l t 
in a replenishment order outstanding, any reference to the per iod in 
which a wi th in- the-cyc le replenishment order i s rece ived during the 
subsequent c y c l e i s not relevant in the development o f a^(h |AB,x) . 
Consequently, th i s development i s similar t o the development o f 
a^(h|AB, x, r ) which was summarized in expression (59) f ° r r < r and 
r < x+1 except that the expression a ( i | A B , r ) i s replaced by a ( i |AB) 
and any reference to r i s omitted. The resu l t ing expression i s summa­
r i z e d as f o l l o w s : ( s ee next page) 
a r ( h | A B , x ) = < 
( h | AB) for h < S, r= l , and 1 < x+1 < N; (6k) 
min(A,r) S-RP-1 
H6 + P { D ( r ' - 2 ) = v } X a ( i |AB)P{X > r - r ' l G ^ ^ r ^ v ) 
r '=2 v=0 i=h+S-RP 
+ ) a( i |AB)P{X < r - r ' } G ( i , r » , v ) 
i=h 
for h < RP, 2 < r < x+1 < N, and 2 < A < N; 
X a( i | AB)P{D(r - l )= i -h ) 
S mln(A,r) S-RP-1 
i=h 
X a ( i | A B ) P { D ( r l - 2 ) = v } P { X < r - r» }G ( i , r » , v ) 
i=h r ' = 2 v = 0 
for RP < h ^ S, 2 < r < x+1 < N, and 2 < A < N; 
ON ON 
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( i - h U s - K P ) 
where G ( i , r ' , v ) 
5=0 
P{D(1)=S-RP-v+6]P(D(r-r 1 )=!-( S-RP+6)-h}. 
(64a) 
G ( i , r f , v ) = P { D ( l ) > S-RP-v}p(D(r-r ' ) = i - h } , 
r S S-RP-1 
i=h v=0 
a ( i | A B ) P { D ( A - l ) = v } p ( D ( r - A - l ) = i - v - h } 
fo r 2 < A < r < N, 
(6lft) 
( 6 4 c ) 
and = \ 
h+(S-RP-1) 
Y a ( i | A B ) P { D ( r - l ) = i - h } 
i=h 
fo r 2 < r < A < N. 
For Case I I with r < x+1, the beginning c y c l e replenishment order 
has been rece ived . Consequently, there are S items from which the de­
mand during the f i r s t r per iods i s made. This development i s i den t i ca l 
with the development o f a^(h |AB,x , r ) fo r r > r and r > x+1. Therefore, 
a r ( h | A B , x ) for r > x+1 i s the same expression as .a ( h | A B , x , r ) for 
r > x+1 and r > r . See expression (62). 
Period s tock l e v e l uncondit ional s tat ionary p robab i l i t i e s . - -The uncon­
d i t i ona l p r o b a b i l i t i e s for the per iod s tock l e v e l can be obtained by 
inser t ing expressions (59), (60), (6l) and (62) in to expression (3 l ) ; 
by inser t ing expressions (62) and (63) in to expression (29); by inser t ing 
expressions (62) and (6k) in to expression (30); and by inser t ing ex­
pressions (29), (30), (31) ; (12) , (18), and (23) in to expression (28). 
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Results 
The expressions for the s tock l e v e l p r o b a b i l i t i e s for the combi­
nation inventory p o l i c y have been developed under the hypothesis o f 
back-orders al lowed. The resu l t s o f th i s chapter w i l l be used in 
Chapter VII in the determination o f the measures o f e f fec t iveness re ­
quired to a t ta in the primary o b j e c t i v e o f th i s study. 
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CHAPTER VII 
MEASURES OF EFFECTIVENESS 
Introduction 
The o b j e c t i v e o f th i s chapter i s to determine mathematical ex­
press ions fo r useful measures o f e f fec t iveness associa ted with the f ixed 
c y c l e inventory p o l i c y , the ( s , S ) inventory p o l i c y , the var iable c y c l e 
inventory p o l i c y , and the combination inventory p o l i c y . This determi­
nation w i l l u t i l i z e the s tock l e v e l p r o b a b i l i t i e s developed in Chapters 
I I I , IV, V, and VI . The measures o f e f fec t iveness t reated in th i s 
chapter a re : 
1 . p robab i l i t y o f one or more shortages, 
2. expected number o f shortages, 
3. expected in tens i ty o f shoratages, 
4. expected inventory, and 
5. expected number o f replenishment orders . 
These par t icu la r measures o f e f fec t iveness were se lec ted for study, 
rather than other measures o f e f f ec t i venes s , because o f the i r seeming 
usefulness in f a c i l i t a t i n g inventory d e c i s i o n s . The l i te ra ture search 
revealed, both e x p l i c i t l y and i m p l i c i t l y , the importance attached to 
these measures by theor i s t s and p r ac t i t i one r s . Further evidence o f the 
usefulness o f these measures w i l l be presented in Chapter VII I in which 
they w i l l become the bas i s fo r the development o f dec i s ion procedures. 
The p robab i l i t y o f one or more shortages w i l l be preferred to a 
similar and sometimes used measure o f e f fec t iveness , the p robab i l i t y 
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o f a s tock-out . A stock-out implies zero stock ava i lab le ; unsa t i s f ied 
demand does not necessa r i ly e x i s t . A shortage implies demand in excess 
o f ava i lab le s tock . The p robab i l i t y o f one or more shortages during the 
order c y c l e w i l l be preferred in th i s study to the p robab i l i ty o f a 
s tock-out because the absence o f s tock causes inconvenience only i f de­
mand occurs simultaneously. 
The expected number o f shortages during the order cyc l e i s a 
measure o f unsa t i s f ied demand. 
The expected in tens i ty o f shortages i s a combination measure o f 
the number o f shortages and the duration o f shortages during the order 
c y c l e . A shortage fo r a l imi ted time duration may cause l e s s disturbance 
than a shortage which ex i s t s over an extended per iod o f time. 
The expected inventory i s an ind ica tor o f the average magnitude 
o f the items maintained in inventory throughout the order c y c l e . 
The expected number o f replenishment orders placed during an 
order c y c l e i s i nd ica t ive o f the frequency with which replenishment 
orders are p laced. This measure w i l l be determined separately for 
routine replenishment orders and for spec ia l (non-rout ine) replenishment 
orders . 
Throughout the ana ly t i ca l development o f these measures o f e f f e c ­
t iveness , no d i s t i n c t i o n w i l l be made in notat ion for the stock l e v e l 
p r o b a b i l i t i e s for the two hypothesis concerning back-orders nor fo r the 
four p o l i c i e s t reated, unless ana ly t i ca l ly necessary. I t w i l l be under­
stood that the s tock l e v e l p r o b a b i l i t i e s are in correspondence with the 
appropriate back-order hypothesis and with the appl icable inventory 
p o l i c y . 
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Probabi l i ty o f One or More Shortages 
The o b j e c t i v e o f th i s sec t ion i s to determine the p robab i l i t y 
o f one or more shortages during the order c y c l e , P i ! } , fo r the f ixed 
c y c l e inventory p o l i c y , the ( s , S ) inventory p o l i c y , and the var iable 
c y c l e inventory p o l i c y . 
The determination o f the p robab i l i ty o f one or more shortages 
f o r the combination inventory p o l i c y involves ana ly t i ca l complexity be ­
yond the scope o f t h i s study. However, the average p robab i l i t y o f one 
or more shortages during the per iods in the order c y c l e w i l l be developed 
s p e c i f i c a l l y for the combination inventory p o l i c y . Such a measure w i l l 
be used in the study o f dec i s ion procedures. 
Inventory dec i s ions are sometimes made subject to the constraint 
that the p robab i l i t y o f one or more shortages must be some spec i f i ed 
va lue . Therefore, knowledge o f the p robab i l i t y o f one or more shortages 
i s useful in making inventory d e c i s i o n s . 
Fixed Cycle Inventory Po l i cy and the ( s , S ) Inventory P o l i c y 
The p robab i l i t y o f one or more shortages during an order cyc le 
w i l l be determined f i r s t fo r the more d i f f i c u l t p o l i c y , the ( s , S ) inven­
tory p o l i c y . From th i s expression and by making s p e c i f i c observations, 
the expression for the p robab i l i t y o f one or more shortages for the f ixed 
c y c l e inventory p o l i c y w i l l be determined by inspec t ion . 
The ( s , S ) inventory p o l i c y . - - T h e p robab i l i t y o f one or more shortages 
during the order c y c l e i s denoted by P { L } . Consider the sets corresponding 
to ( l ) a shortage o f one or more items occurring and a replenishment order 
not being placed and (2) a shortage o f one or more items occurring and 
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a replenishment order being placed. Denote these sets by L, % and L, X , 
r e s p e c t i v e l y . These two sets are mutually exclus ive and exhaustive. 
Therefore, 
P{L3 = P ( L , X 3 + P ( L , X 3. ( l ) 
Figure 18 (page 173) i l l u s t r a t e s the paths in which a shortage may occur 
during the order c y c l e . 
I . Case I : No replenishment order placed.--The p robab i l i t y o f 
one or more shortages and that a replenishment order i s not placed i s 
denoted by P { L , x3. When the beginning s tock l e v e l i s greater than s, 
there i s no replenishment order p laced . A shortage occurs when no re ­
plenishment order i s placed, i f the beginning stock l e v e l i s equal to 
i , f o r s < i < S, and i f the demand during the ent i re cyc l e i s greater 
than i . The p robab i l i t y o f th i s s p e c i f i c path i s 
a ( i ) P { D ( N ) > i ) fo r s < i < S. (2) 
Since the beginning stock l e v e l can be any o f the pos s ib l e 
values from s+1 to S i nc lu s ive , 
S 
P ( L , X 3 = Y a ( i ) P { D ( N ) > 13. (3) 
i=s+l 
I I . Case I I : Replenishment order placed.--The p robab i l i ty o f 
one or more shortages and that a replenishment order i s p laced i s de­
noted by P { L , X 3. These p r o b a b i l i t i e s w i l l be determined from N condi­
t i ona l p r o b a b i l i t i e s o f a shortage, given a s p e c i f i c replenishment lead 
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Lead Time Portion 
Shortages during 
Latter Portion 
but Not during 
Replenishment 
Lead Time Portion 
Fig. 18. Tree Diagram I l l u s t r a t i n g the Mutually Exclusive and Exhaustive 
Paths in which a Shortage May Occur during the Order Cycle for the ( s ,S) 
Inventory Policy 
Fig. 19. Venn Diagram I l lu s t ra t ing the Sets of A l l Possible Paths in 
which Shortages May Occur during the Order Cycle for a Posit ive Lead 
Time 
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time, P { L | X ] , in conjunction with the p robab i l i t y o f th i s s p e c i f i c lead 
time. These condi t ions are mutually exclus ive and exhaustive. That i s , 
N-l 
P { L , X ) = X p ^ | x } P { X = x } . (4) 
x=0 
The cond i t iona l p robab i l i t y , P { L | X ] , w i l l be determined by consider ing 
the order c y c l e as dichotomized in to the replenishment lead time por t ion 
and in to the por t ion after the replenishment order i s r ece ived . Let 
L 1 | x and L" |x denote the sets o f a l l poss ib l e paths in which one or 
more shortages can occur during the replenishment lead time por t ion , x, 
and in the por t ion after the replenishment order i s rece ived , N-x, 
r e spec t i ve ly ( see Figure 19 on page 173)• The fo l lowing development con­
s iders the general p o s s i b i l i t y that the in t e r sec t ion o f L 1 | x and L n | x 
i s not necessa r i ly empty. Poss ib le expressions which could be used for 
developing the condi t iona l p robab i l i t y o f one or more shortages during 
the order c y c l e are 
P (L |X '} = P(L f |X] + PCL"-! ' |X} for 0 < x < N-l, (5) 
P ( L | X } = P ( L ' j x ] + P ( L " | x } - PCL-'L^X) for 0 < x < N-l, (5a) 
P { L | x } = P { L f - L " | x } + P { L " | x } for 0 < x < N-l , (5b) 
P (L (X} = P ( L ' - L " | x } + P { L ' L " | x } + P{L n -L« | x ) (5c) 
for 0 < x < N-l . 
For s impl i c i ty o f notat ion in the expression P { L | X ) , the symbol 
x indica tes that the replenishment lead time i s equal to x . 
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Expression (5) i s preferred for computing the p robab i l i ty o f one 
or more shortages during the c y c l e because o f i t s r e l a t i ve S impl ic i ty . 
The p r o b a b i l i t i e s o f the two mutually exclus ive and exhaustive terms in 
expression (5) are developed separately. 
A. Development o f P{L f | x } . - - T h e p robab i l i t y o f one or more 
shortages during the replenishment lead time por t ion o f the order c y c l e , 
given a replenishment lead time o f x per iods , i s denoted by P{L' | X ) . 
This p r o b a b i l i t y w i l l be determined by considering two general paths 
corresponding to the mutually exc lus ive and exhaustive s e t s : 1 < i < s 
and i < 0. 
1. Path I : 1 < i < s . - -A s p e c i f i c path in which a shortage 
o f one or more items during the replenishment lead time por t ion occurs 
i f the beginning s tock l e v e l i s equal to i , for 1 < i < s, and i f the 
demand during the replenishment lead time i s greater than i . The proba­
b i l i t y o f one or more shortages by th i s s p e c i f i c path i s 
a ( i ) P { D ( x ) > i ] fo r 1 < i < s and 0 < x < N- l . (6) 
The l e f t side o f Figure 20 (page 176) i l l u s t r a t e s th i s general path. 
The beginning stock l e v e l can be any o f the poss ib l e values from 
1 to s i n c l u s i v e . Therefore, the p robab i l i t y o f a shortage for a p o s i ­
t i v e beginning s tock l e v e l , given a s p e c i f i c replenishment lead time, 
i s 
s 
^Ta( i)P{D(x) > i ) fo r 0 < x < N- l . (7) 




1.2 3 4 5 6 7 8 9 N 
Time Period 
Fig. 22. Illustration of Equivalence of Intensity 
Expression 
Fig. 21. General Path for Shortages during the 
Latter Portion of the Order Cycle but Not during 
the Replenishment Lead Time Portion for the (s,S) 
Inventory Policy when Replenishment Order is 
Placed, Back-Orders Allowed 
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2. Path I I ; i < 0.--A shortage o f one or more items during 
the replenishment lead time por t ion occurs i f the beginning s tock l e v e l 
i s equal to or l e s s than zero and i f the demand during the replenishment 
lead time i s fo r one or more items. The p robab i l i t y o f one or more 
shortages fo r a non-pos i t ive beginning stock l e v e l , given a s p e c i f i c 
replenishment lead time, i s 
A(o)P{D(x) > 1} for 0 < x < N- l . (8) 
I f back orders are not allowed, A(0) = a(0). 
3. Summary o f P ( L ' [ x ] . - - T h e p robab i l i t y o f one or more short­
ages during the replenishment por t ion o f the order c y c l e , given a re ­
plenishment lead time o f x pe r iods , i s obtained by combining the mutually 
exc lus ive and exhaustive expressions (7) and (8) as f o l l o w s : 
s 
P { L r | x } = ^Ta( i)P{D(x) > i ) + A(0)P{D(x) > l ) (9) 
i = l 
f o r 0 < x < N- l . 
B. Development o f T{LU-V [X].--The p robab i l i t y o f one or more 
shortages during the por t ion o f the order c y c l e af ter the replenishment 
order i s rece ived but not during the replenishment lead time por t ion , 
given a replenishment lead time por t ion o f x per iods , i s denoted by 
P{L"-L' | X ) . This p robab i l i t y w i l l be determined by considering two 
general paths corresponding to the mutually exc lus ive and exhaustive 
s e t s : 1 < i < s and i < 0. 
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1 . Path I : 1 < i < S . - -A s p e c i f i c path in which one or more 
shortages during the por t ion o f the order c y c l e af ter the replenishment 
order i s rece ived hut not during the replenishment lead time por t ion , 
given a replenishment lead time o f x per iods , occurs i f the fo l lowing 
three independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal t o i , fo r 1 < i < s. 
2. Demand during the replenishment lead time i s equal t o v, for 
0 < v < i . 
3« Demand during the l a t t e r por t ion o f the order c y c l e i s greater 
than the stock l e v e l when the replenishment order i s rece ived , 
S-v. 
For s p e c i f i c values o f i and v, the p robab i l i t y o f th i s path i s 
a( . i )P{D(x)=v}P{D(N-x) > S-v] (10) 
fo r 1 < i < s, 0 < v < i , and 0 < x < N- l . 
Figure 21 (page 176) i l l u s t r a t e s th i s general path. 
The beginning stock l e v e l can be any o f the pos s ib l e values from 
1 to s i n c l u s i v e . Demand during the replenishment lead time can be any 
o f the pos s ib l e values from 0 to i i n c l u s i v e . Therefore, the p r o b a b i l i t y 
o f Path I i s 
s 1 
^ a ( i ) P { D ( x ) = v } p { D ( N - x ) > S-v) ( l l ) 
i = l v=0 
fo r 0 < x < N- l . 
2 . Path 11°. i < 0 . - -A s p e c i f i c path in which one or more 
shortages during the por t ion of the order c y c l e af ter the replenishment 
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order i s rece ived "but not during the replenishment lead time por t ion , 
given a replenishment lead time o f x per iods , occurs i f the fo l lowing 
three independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal t o i , fo r i < 0. 
2. Demand during the replenishment lead time i s equal to zero . 
3. Demand during the l a t t e r por t ion o f the order c y c l e i s 
greater than the order l e v e l , S . 
Therefore, the p robab i l i t y o f Path I I i s 
A(0)p{D(x)=0}p{D(N-x) > S ) (12) 
for 0 < x < N- l . 
3° Expression for P { L n - L ' | x ) . — T h e p robab i l i t y o f one or 
more shortages during the por t ion o f the order c y c l e af ter the replenish­
ment order i s rece ived but not during the replenishment lead time por t ion , 
given a replenishment lead time o f x per iods , i s obtained by combining 
expressions ( l l ) and (12) as f o l l o w s : 
s i 
i = l v=0 
+ A(0)P(D(X)=0}P{D(N-X) > S ) fo r 0 < x < N- l . 
I I I . Probabi l i ty o f one or more shortages during the order c y c l e . — 
The p robab i l i t y o f one or more shortages during the order cyc l e i s ob­
tained by inser t ing expressions (3) and (k) in to expression ( l ) . Ex­
press ion (4) i s obtained from expression (5), which i s obtained from 
expressions (9) and (l3)« Therefore, 
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S N-l s 
P{L) = Y a(i)P(D(N) > i ) + X Xa(=L)P(D(x) > 1} 
i=s+l x=0 i = l 
+ A(0)P{D(x) > l ) + X X^1^^32^^^^) > S'v^ 
1=1 v=0 
+ A(0)P{D(X)=0)P{D(N-X) > S] P{X=x) for 0 < x < N- l . 
Fixed c y c l e inventory p o l i c y . - - I n the development o f the f ixed c y c l e in­
ventory p o l i c y , a replenishment order i s p laced .a t the beginning o f each 
order c y c l e . A replenishment order for zero items was considered meaning­
fu l in the ana ly t i ca l development o f the s tock l e v e l p r o b a b i l i t i e s . 
The ( s , S ) inventory p o l i c y i s the f ixed c y c l e inventory p o l i c y when s=S. 
Therefore, i f S i s subst i tuted for s in expression ( l 4 ) , the expression 
fo r the p robab i l i t y o f one or more shortages during the order c y c l e for 
the f ixed c y c l e inventory p o l i c y i s as f o l l o w s : 
^ S 
P{L} = ^ a ( i ) P { D ( x ) > i ) + A(0)P{D(x) > 1} (15) 
x=0 i = l 
S i 
i = l v=0 
+ A( 0)P{D( x ) =0 }P{D( N-x) S^Sl P{X=x} fo r 0 < x < N-l. 
Variable Cycle Inventory P o l i c y 
The p robab i l i t y o f one or more shortages during an order c y c l e , 
P{L] , w i l l be determined fo r the var iab le c y c l e inventory p o l i c y . This 
p robab i l i t y w i l l be determined from N condi t iona l p r o b a b i l i t i e s o f a 
shortage, given a s p e c i f i c replenishment lead time, in conjunction with 
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the p robab i l i t y o f th i s s p e c i f i c lead time. These condi t ions are mutually 
exc lus ive and exhaustive. That i s , 
K 
PtL] = Y P £ L | X } P { X * X ) . (16) 
x=0 
As was the case with the ( s , S ) inventory p o l i c y , consider the 
var iab le order c y c l e as dichotomized in to the replenishment lead time 
por t ion and in to the por t ion af ter the replenishment order i s r ece ived . 
Let L 1 and L" denote the sets o f a l l pos s ib l e paths in which one or more 
shortages can occur during the replenishment lead time por t ion and in 
the por t ion af ter the replenishment order i s rece ived , r e spec t i ve ly 
( see Figure 19 on page 176). 
The cond i t iona l p robab i l i t y o f one or more shortages during the 
order c y c l e , given a s p e c i f i c replenishment lead time, w i l l be determined 
from the expression 
P ( L | X ] = P{L« | x ] + P{L"-L ' | x ) ' (17) 
fo r 0 < x < K. 
As a consequence o f ( l ) the l a s t per iod in the var iable c y c l e 
being greater than K per iods and (2) the var iable cyc l e inventory p o l i c y 
ordering ru le , shortages in the set L" occur only during the l a s t per iod, 
oo, fo r oo > K, o f the var iab le length c y c l e . Since the replenishment lead 
time i s equal to or l e s s than K per iods , any shortages in the set L' 
occur during the f i r s t K pe r iods . 
Development o f P { L ' [ x ] . - - T h e p robab i l i t y o f one or more shortages during 
the replenishment lead time por t ion o f the order cyc le i s denoted by 
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P{L* | X ) . This p robab i l i t y can be determined by considering the two 
general paths corresponding to the mutually exclus ive and exhaustive 
s e t s : 1 < i < RP and i < 0. The development o f P{L* | X ) for the var iable 
c y c l e inventory p o l i c y i s s imilar to the development o f P{L' | x ) for the 
( s , S ) inventory p o l i c y except that ( l ) s i s replaced by RP and that (2) 
the upper range o f x i s K rather than N- l . The resu l t ing expression i s 
summarized as f o l l o w s : 
RP 
P{L« | x ) = ^ a ( i ) P { D ( x ) > i ) + A(0)P{D(x) > i ) (l8) 
i = l 
fo r 0 < x < K. 
Development o f P { L " - L ! j x ) . - - T h e p robab i l i t y o f one or more shortages 
af ter the replenishment order i s rece ived but not during the replenish­
ment lead time por t ion , given a replenishment lead time o f x per iods , 
i s denoted by P{L"-L ! | X ) . This p robab i l i t y w i l l be developed from the 
fo l lowing express ion: 
P { L " - L t | x } = Y PCL I I-L l,ft=05|x) (19) 
CD=K+1 
for 0 < x < K. 
In the development o f P{L"-L f , f t=o) |x) , consider the two general paths 
corresponding to the mutually exclus ive and exhaustive se t s : 1 < i < RP 
and i < 0. 
I . Path I : 1 <, i < RP.--A s p e c i f i c path in which there are one 
or more shortages in the set L l l -L t and in which the length o f cyc l e i s 
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co pe r iods , given a replenishment lead time o f x periods, occurs i f the 
fo l lowing four independent condi t ions e x i s t : 
1 . The beginning s tock l e v e l i s equal to i , fo r 1 < i < RP. 
2. Demand during the replenishment lead time i s equal to v, 
fo r 0 < v < i . 
3. Demand during the next co-x-1 periods i s equal to | , fo r 
0 < | < S-RP-l-v. 
k-. Demand during per iod co i s greater than S-v- i . 
For s p e c i f i c values o f i , v, and i , the p robab i l i t y o f th i s path 
Figure 21 (page 176) i l l u s t r a t e s a similar path for the ( s , S ) inventory 
p o l i c y . 
The beginning s tock l e v e l can be any o f the poss ib le values from 
1 to RP i n c l u s i v e . Demand during the replenishment lead time can be 
any o f the poss ib l e values from 0 to i i n c l u s i v e . Demand during the 
co-x-1 per iods can be any o f the poss ib le values from 0 to S-RP-l-v in ­
c l u s i v e . Therefore, the p robab i l i t y o f Path I i s 
i s 
a ( i ) P { D ( x ) = v } P { D ( c o - x - l ) = i ) P { D ( l ) > S-v-i ) (20) 
f or 1 < i < RP, 0 < v < i , 0 < i < S-RP-l-v, 
and 0 < x < K. 
(21) 
i = l v=0 1=0 
where G ( v , | ) = P{D(x)=v}P{D(co-x-l)=i }P{D( l ) > S - v - i } 
for 0 < x < K. 
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I I . Path I I : i < 0.--A s p e c i f i c path in which there are one or 
more shortages in the set i/'-L* and in which the length o f cyc l e i s co 
per iods , given a replenishment lead time o f x per iods , occurs i f the 
fo l lowing four independent condi t ions e x i s t : 
1. The beginning s tock l e v e l i s equal to i , for i < 0. 
2. Demand during the replenishment lead time i s equal to zero . 
3. Demand during the next co-x-1 periods i s equal to £, for 
0 < | < S-RP-1. 
k. Demand during per iod co i s greater than S-i , 
For a s p e c i f i c value o f | , the p robab i l i t y o f Path I I i s 
A(0 )P{D (X )=0}P{D(cd -X -1 )=£}P{D (1 ) > S - g } (22) 
f or 0 < £ < S-RP-1 and 0 < x < K. 
Demand during the co-x-1 per iods can be any o f the pos s ib l e values 
from 0 to S-RP-1 i n c l u s i v e . Therefore, the p robab i l i t y o f Path I I i s 
S-RP-1 
A(0)P{D(x)=0} Y P{D(o>-x- l )= i}P{D(l ) > s-g} (23) 
fo r 0 < x < K. 
I I I . Summary o f P { L " - L l | x ) . — T h e p robab i l i t y o f one or more short­
ages after the replenishment order i s rece ived but not during the re ­
plenishment lead time por t ion , given a replenishment lead time o f x 
pe r iods , i s obtained by combining expressions (21) .and (23) and inser t ing 
in expression (19) as f o l l o w s : 
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oo R P i S - R P - l - v 
P { L " - L « | x } = Z Z Z Z a* l ) G ( v>S> 
co=K+l i = l v=0 |=0 
S - R P - 1 
+ A ( 0 ) P { D ( x ) = 0 ) Y HD(o ) .x - l )=g}P(D( l ) > S-v) 
1=0 
where G( V , | ) = P { D ( X ) = V } P { D ( c o - X - 1 ) = | } P { D ( l ) > S - v - | } , 
for 0 < x < K. 
(24) 
(24a) 
Probab i l i ty o f one or more shortages during the var iable order c y c l e . - -
The p robab i l i t y o f one or more shortages during the var iable order c y c l e 
i s obtained by inser t ing expressions (l8) and (24) in to expression (17) 
which i s inser ted in to expression (l6) as f o l l o w s : 
K RP 
P{L) = Y Z a ( i ) P { D ( x ) > 1 3 + A ( ° ) p W x ) ^ 1 } (25) 
x=0 i = l 
RP i S-RP-l-v 
L LL L a(1>G(v-?) 
co=K+l i = l v=0 |=0 
00 S-RP-1 
+ A(0)P{D(x)=0} Y Z p Wffi -x- l )=S)P(D( l ) > S-v} P[X=x), 
co=K+l 1=0 
where G( V , | ) = P { D ( X ) = V ) P { D ( c o - X - 1 ) = | ) P { D ( l ) > S - v - i ) . (25a) 
Combination Inventory P o l i c y 
As indicated previously , the determination o f the p robab i l i ty o f 
one or more shortages fo r the combination inventory p o l i c y involves 
ana ly t i ca l complexity beyond the scope o f the present study. However, 
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the average p robab i l i t y , P { L } , o f one or more shortages during the 
per iods in the order c y c l e may be useful . This average p robab i l i ty w i l l 
be obtained from the expression 
r= l 
The p robab i l i t y o f one or more shortages during any per iod , 
P C L ^ } , w i l l be determined by considering the two mutually exc lus ive and 
exhaustive general paths: 1 < h < S and h < 0. 
Path I : 1 < h < S.--A s p e c i f i c path in which a shortage o f one or more 
items during any per iod r fo r a p o s i t i v e s tock l e v e l occurs i f the de­
mand during th i s one per iod , D ( l ) , i s greater than the beginning s tock 
l e v e l , h. The p robab i l i t y o f th i s s p e c i f i c path i s 
a ( h ) P { D ( l ) > h} for 1 < h < S. (27) 
The s tock l e v e l can be any o f the poss ib l e values from 1 to S 
i n c l u s i v e . Therefore, the p robab i l i t y o f Path I i s 
S 
^Ta r (h )P{D( l ) > h ) . (28) 
h=l 
Path I I : h <. 0.--A s p e c i f i c path in which a shortage o f one or more 
items during any per iod r for a non-posi t ive s tock l e v e l occurs i f the 
demand during the per iod i s for one or more items. The p robab i l i ty o f 
Path I I i s 
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A (O)P(D( l ) > 1 } . (29) 
r 
Summary o f P{L R 3. - -The p robab i l i t y o f one or more shortages during any 
per iod i s obtained by combining the mutually exclus ive and exhaustive 
expressions (28) and (29) as f o l l o w s : 
S 
P { L r ) = Y a r ( h ) P t D ( l ) > h} + A r ( 0)P{D( l ) > l ) . (50) 
h=l 
The average p robab i l i t y o f one or more shortages during the 
per iods in the order c y c l e , P { L ) , i s obtained by inser t ing expression 
(30) in to expression (26) as 
P f L ] N 
S 
^—1 r v 
1 ^ a r ( h ) P { D ( l ) > h) + A r(0 )P{D( l ) > l ) ( 3 D 
r= l h=l 
The p robab i l i t y o f one or more shortages fo r the f ixed c y c l e in­
ventory p o l i c y , the ( s , S ) inventory p o l i c y , and the var iable cyc l e 
inventory p o l i c y developed in th i s sec t ion w i l l be used in the study 
o f dec i s ion procedures. For the combination inventory p o l i c y , the 
average p robab i l i t y o f one or more shortages during the periods in the 
order c y c l e w i l l be used in the study o f dec i s ion procedures. 
Expected Number o f Shortages 
The ob jec t ive o f th is sec t ion i s to determine the expected number 
o f shortages during the order c y c l e , E( L ) . When the t o t a l cos t o f 
shortages i s propor t ional to the number o f shortages, the expected num­
ber o f shortages w i l l be useful in making inventory dec i s i ons . The 
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r e su l t s o f the determination o f the expected number o f shortages w i l l be 
appl icable t o any of the inventory p o l i c i e s considered in th i s study. 
Fixed Cycle , the ( s , S ) , and Combination Inventory P o l i c i e s 
For the f ixed c y c l e inventory p o l i c y , the ( s , S ) inventory p o l i c y , 
and the combination inventory p o l i c y , there i s a constant number o f 
pe r iods , N, in each order c y c l e . Also the number o f shortages L ^ , L ^ , 
. . . , L^. in per iods 1, 2, . . . , N are random var iables with expecta­
t i o n s , E ( L ^ ) , E ( L 2 ) , . . . , E ( L ^ ) . Therefore, the expectat ion o f the i r 
sum ex i s t s and i s the sum o f the i r expecta t ions . Hence, the expected 
number o f shortages during the order c y c l e fo r the f ixed c y c l e , the 
( s , S ) , and the combination inventory p o l i c i e s i s 
E ( L ) « ^ E ( L r ) o ( 5 2 ) 
r = l 
The expected number o f shortages during any per iod r, E ( l ^ ) , 
w i l l be obtained by summing the product o f the number o f shor tages , ! , 
mul t ip l ied by the p robab i l i t y o f £ shortages over a l l pos s ib l e shortages 
That i s , 
0 0 
E ( L ^ ) = YI IP (shortages in per iod r = | ) fo r 1 < r < N , (33) 
1=1 
where P{shortages in pe r iod -r=g } = P { D ( l ) = | ) A ^ ( 0) (33a) 
+ P { D ( l ) = g + l ) a r ( l ) + . . . + P { D ( l ) = | + S } a r ( S ) 
for 1 < r < N . 
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By wri t ing expression (33a-) more compactly, 
P{shortages in per iod r=£) = P { D ( l ) = | } A ( 0) ( 3 4 ) 
r 
+ ^ P { D ( l ) = £ + h ) a r ( h ) fo r 1 < r < No 
h=l 
The expected number o f shortages fo r per iod r i s determined by 
inser t ing expression (3^) in to expression ( 3 3 ) as f o l l o w s : 
0 0 t> 
E ( L R ) = P { D ( l ) = i } A r ( 0 ) + ^ P { D ( l ) = | + h ) a r ( h ) 
1=1 h=l 
for 1 < r < N. 
( 3 5 ) 
Consequently, the number o f shortages during the order c y c l e can 
be obtained by inser t ing expression ( 3 5 ) in to expression ( 3 2 ) . 
Variable Cycle Inventory P o l i c y 
For the var iab le c y c l e inventory p o l i c y , there i s a var iable 
number o f pe r iods , ft, in each c y c l e , which assumes values o f a)=K+l, 
K+2, . 0 0 . 
The expected number o f shortages during the var iab le cyc l e in­
ventory p o l i c y , E ( L ) , can be obtained by weighting the expected num­
ber o f shortages, given a s p e c i f i c length o f c y c l e , E ( L | ^ ) , by the 
p robab i l i t y o f the s p e c i f i c length o f c y c l e . That i s , 
00 
E ( L ) = Y E(L |to)p{ft=a)}. ( 36 ) 
to=K+l 
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The number of shortages L̂ Jco, Ivjco, . . ., Ljco in periods 1 , 
2, . . ., co are random variables with expectations E(L^|oi), E(lvjco), 
. . . , E (L^[co). Therefore, for a specific value of co, the expectations 
of their sum exists and is the sum of their expectations. For a specific 
length of cycle, the expected number of shortages during the variable 
cycle is 
co 
E(L|co) = ^E(L r|co) for co > K. (37) 
r=l 
The expected number of shortages for period r, given that the 
length of cycle is co, is denoted by E(L |co). This expected value can 
be determined similarly to E(L ) in expression (35) except that the 
condition, length of cycle, must be specified. The resulting expression 
is summarized as follows: 





for 1 < r < co and co > K. 
Consequently, the number of shortages during the variable order 
cycle can be obtained by inserting expression ( 3 8 ) into expression ( 3 7 ) , 
which is inserted into expression ( 3 6 ) . 
The expected number of shortages developed in this section will 
be used in the study of decision procedures. 
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Expected Intensi ty o f Shortages 
The ob j ec t i ve o f th i s sec t ion i s to determine the expected inten­
s i t y o f shortages during the order c y c l e , E(T) . The expected in tens i ty 
o f shortages i s a combination measure o f the number o f shortages and the 
duration o f shortages during the order c y c l e . When t o t a l co s t o f short­
ages i s propor t iona l to a combination measure o f the number o f shortages 
and the duration o f the shortages, the expected in tens i ty o f shortages 
w i l l be useful in making inventory d e c i s i o n s . The resu l t s o f the deter­
mination o f the expected in tens i ty o f shortages w i l l be appl icable t o 
any o f the inventory p o l i c i e s considered in th i s study. 
Under the hypothesis o f back-orders not allowed, a l l demand must 
be f u l f i l l e d immediately. Hence, a measure which u t i l i z e s the duration 
o f a shortage has l i t t l e s i g n i f i c a n c e . Therefore, the expected in tens i ty 
o f shortages w i l l not be used with reference to inventory s i tua t ions in 
which back-orders are not allowed, only with reference to inventory 
s i tua t ions in which back-orders are al lowed. 
The product o f the number o f shortages and the duration o f short­
ages represents the area below the zero s tock l e v e l axis ( see Figure 22 , 
page 1 7 6 ) . I t w i l l be convenient to consider th i s area as the sum o f 
negative s tock l e v e l s at each pe r iod ; that i s , a hor izonta l summation 
rather than a v e r t i c a l summation. The expected in tens i ty o f the short­
ages i s the expected value o f th i s area below the zero s tock l e v e l ax i s . 
This measure w i l l be developed for the var iable c y c l e inventory p o l i c y 
separate from the inventory p o l i c i e s in which the number o f periods in 
the order c y c l e i s constant. 
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Fixed Cycle, the ( s , S ) , and Combination Inventory P o l i c i e s 
For the inventory p o l i c i e s o f which the number o f per iods in 
the order c y c l e i s constant, l e t T^, T^, . . . , T .̂ denote the negative 
s tock l e v e l random var iables in periods 1, 2 , . . . , N which have ex­
pecta t ions ECT^), E ( T 2 ) , . . . , E(T^) . Therefore, the expected in tens i ty 
o f the shortages i s the sum o f the negative s tock l e v e l fo r each o f the 
per iods in the order c y c l e . That i s , 
N 
E(T) = X E C T r ) o ' ( 5 9 ) 
r = l 
The expected negative s tock l e v e l , E(T^), fo r any per iod r i s 
u 
E ( T r ) = ^ h [ a r ( h ) ] . U O ) 
h=-°° 
The expected in tens i ty o f shortages for the f ixed c y c l e inventory 
p o l i c y , the ( s , S ) inventory p o l i c y , and the combination inventory p o l i c y 
i s obtained by inser t ing expression ( 3 9 ) in to expression (40 ) as fo l lows : 
N 0 
E(T) = Y X h [ a r ( h ) ] ' { k l ) 
r= l h=-°° 
Variable Cycle Inventory P o l i c y 
For the var iable c y c l e inventory p o l i c y , the expected in tens i ty 
o f the shortages, E ( T ) , w i l l be developed. This measure o f e f f e c t i v e ­
ness w i l l be developed by considering an i n f i n i t e number o f mutually 
exclus ive and exhaustive condi t iona l expected in tens i ty o f shortages, 
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given a s p e c i f i c length o f c y c l e , in conjunction with the p robab i l i t y o f 
the length o f c y c l e . That i s , 
E ( T ) = ^ E ( T | c d ) P O * d ) . (k2) 
co=K+l 
Let T | c d , T 2 |co, . . . , T^ |cd denote the negative s tock l e v e l ran­
dom var iab les in per iods 1, 2, . . . , c d , given the length o f the c y c l e , 
which have expectat ions E ( T . J c d ) ^ E ( T 2 | c d ) , . . E ( T J c d ) . Therefore, 
the cond i t iona l expected in tens i ty o f the shortages i s the sum o f the 
expected negative s tock l e v e l for each o f the per iods in the order cyc l e , 
For a s p e c i f i c length of c y c l e , the expected in tens i ty o f shortages 
during the var iab le c y c l e i s 
CD 
E ( T | c d ) = ^ E ( T J c d ) , ' for cd > K. (43) 
r= l 
The cond i t iona l expected negative s tock l e v e l for any per iod r, given 
a s p e c i f i c length of c y c l e , i s 
0 
E ( T J . c d ) = ^ h [ a r ( h | c D ) ] , fo r 1 < r < cd and c d > K . (44) 
h=-°° 
The expected in tens i ty o f shortages for the var iab le cyc l e inven­
tory p o l i c y i s obtained by subst i tut ing expression (44) in to expression 
(43), which i s inser ted in to expression (42) as f o l l o w s : 
19h 
°o 0) 0 
E(T) = Y YJ X h C a r ^ h ^ P { ^ } " ^ 
OJ=K+1 r= l h=-°° 
The expected in tens i ty o f shortages developed in th i s sec t ion 
w i l l he used in the study o f dec i s ion procedures. 
Expected Inventory 
The o b j e c t i v e o f th i s sec t ion i s to determine the expected inven­
to ry , E ( l ) . The expected inventory i s a measure o f the average magnitude 
o f the items maintained in inventory throughout the order c y c l e . The 
resu l t s o f the determination o f the expected inventory w i l l be appl icable 
t o each o f the inventory p o l i c i e s considered in th i s study. This measure 
w i l l be determined for the var iab le c y c l e inventory p o l i c y separate from 
the inventory p o l i c i e s in which the number o f per iods in the order c y c l e 
i s constant . 
Fixed Cycle , the ( s , S ) , and Combination Inventory P o l i c i e s 
The expected inventory throughout the order c y c l e , E ( l ) , i s the 
average o f the expected inventory for each o f the per iods within the 
order c y c l e , E ( l ^ ) . That i s , 
N 
E(I ) = | XsU r ) . (46) 
r= l 
The expected number o f items in inventory during per iod r i s 
Other inventory measures of"ef fec t iveness 'may be useful . An 
inventory measure which i s propor t ional to the product o f the number o f 
items in inventory and the duration in which the items are in inventory 
could be read i ly determined from the s tock l e v e l p r o b a b i l i t i e s . 
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b 
E ( l r ) = ^ h [ a r ( h ) ] . ( 4 7 ) 
h=l 
The expected inventory throughout the order c y c l e fo r the f ixed c y c l e 
inventory p o l i c y , the ( s , S ) inventory p o l i c y , and the combination in­
ventory p o l i c y i s obtained by inser t ing expression" ( 4 - 7 ) in to expres­
s ion ( 4 6 ) as f o l l o w s : 
N S 
E(D = | Z X h [ a r ( h ) ] ' ( J + 8 ) 
rf=l h=l 
Variable Cycle Inventory P o l i c y 
For the var iable c y c l e inventory p o l i c y , the expected inventory, 
E ( l ) , w i l l be developed by considering an i n f i n i t e number o f mutually 
exc lus ive , and exhaustive cond i t iona l expected inventory measures, 
E( l | co) , given a s p e c i f i c length o f c y c l e , in conjunction with the pro­
b a b i l i t y o f the length o f c y c l e . That i s , 
0 0 
E ( I ) = Y E ( i | c o ) p { a = o ) } . ( 4 9 ) 
co=K+l 
The condi t iona l expected inventory throughout the order c y c l e , 
E ( I | c d ) , i s the average o f the condi t iona l expected inventory for each 
o f the per iods within the order c y c l e , E ( l ^ | o ) ) . That i s , 
E ( l | c n ) = i ^ E ( l r | c o ) . for cd > K. ( 5 0 ) 
r - 1 
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The condi t iona l expected number o f items in inventory during per iod r , 
given a s p e c i f i c length o f c y c l e , i s 
S 
The expected inventory for the var iable cyc l e inventory p o l i c y 
i s obtained by inser t ing expression (5l) in to expression (50), which 
i s inser ted in to expression (49) as f o l l o w s : 
00 CD S 
E(D = X I X £ h [ a r ( h | a ) ) ] p { a ^ } . ( 5 2 ) 
o)=K+l r= l h=l 
The expected inventory developed in th is sec t ion w i l l be used 
in the study o f dec i s ion procedures. 
Expected Number o f Replenishment Orders 
The o b j e c t i v e o f th i s sec t ion i s to determine the expected num­
ber o f routine replenishment orders , E ( R ) , and the expected number o f 
spec ia l replenishment orders , E ( R ' ) . These measures are ind ica t ive o f 
the frequency with which the two types o f replenishment orders are p laced; 
therefore , the expected number o f replenishment orders i s useful in 
making inventory d e c i s i o n s . The resul t s o f the determination o f the 
expected number o f replenishment orders in ah order cyc l e w i l l be appl i ­
cable to each of the inventory p o l i c i e s considered in th i s study. This 
measure w i l l be determined separately for each o f the inventory p o l i c i e s 
considered. 
for 1 < r < CD and a) >K. (51) 
h=l 
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Fixed Cycle Inventory P o l i c y 
A routine replenishment order i s placed at the beginning o f each 
order c y c l e fo r the f ixed c y c l e inventory p o l i c y i f the beginning s tock 
l e v e l i s l e s s than S. That i s , 
E(R) = [0]a(s) + [ l ] A ( S - l ) , (53) 
or E(R) = A ( S - l ) . (54) 
The ( s , S ) Inventory P o l i c y 
A routine replenishment order i s placed at the beginning o f 
each order c y c l e fo r the ( s , S ) inventory p o l i c y i f the beginning s tock 
l e v e l i s equal to or l e s s than s . That i s , 
E(R) = [0][A(S)-A(s+1)].+ Cl ]A(s) , (55) 
or E(R) = A ( s ) . (56) 
Variable Cycle Inventory P o l i c y 
A spec ia l replenishment order i s placed at the beginning o f the 
f i r s t per iod in which the s tock l e v e l i s equal to or below the reorder 
po in t . That i s , an order i s placed at the beginning o f each var iable 
c y c l e . Therefore, the expected number o f replenishment orders placed 
during each var iab le order c y c l e i s 
E(R') = 1 . (57) 
Combination Inventory P o l i c y 
Both a routine replenishment order and a spec ia l (non-routine or 
wi th in - the -cyc le ) replenishment order may be placed during the order c y c l e . 
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A routine replenishment order i s placed at the beginning o f 
each order c y c l e fo r the combination inventory p o l i c y i f the beginning 
stock l e v e l i s l e s s than S. That i s , 
E(R) = [0 ]a(S) + [ 1 ]A(S -1 ) , ( 5 8 ) 
or E(R) = A ( S - l ) . ( 5 9 ) 
A spec ia l replenishment order i s placed at the beginning o f the 
f i r s t pe r iod within the f i r s t A periods o f the order cyc l e in which the 
sum o f s tock l e v e l and s tock-on-order i s equal to or l e s s than the re ­
order po in t . Equivalently, a spec i a l wi th in- the-cyc le replenishment 
order i s p laced i f the demand during the A - l per iods i s equal t o or 
greater than S-RP. That i s , 
E(R ' ) = P{D(A- l ) > S-RP). ( 6 0 ) 
The expected number o f replenishment orders developed in th i s 
sec t ion w i l l be used in the study o f dec i s ion procedures. 
Results 
The expressions for the measures o f e f fec t iveness have been 
determined for the f ixed c y c l e inventory p o l i c y , the ( s , S ) inventory 
p o l i c y , the var iab le c y c l e p o l i c y , and the combination inventory p o l i c y . 
The determination o f these expressions for the measures o f e f fec t iveness 
sa t i s fy the primary o b j e c t i v e o f th i s study. These measures o f e f f e c ­
t iveness w i l l be used in Chapter VII I as the bas i s fo r the development 
of procedures for the s e l e c t i o n o f optimal values o f dec i s ion var iab les , 
for the study o f the s e n s i t i v i t y o f t o t a l relevant c o s t , and the choosing 





The ob j ec t i ve s o f th i s chapter are to develop procedures for 
( l ) the s e l e c t i o n o f optimal values o f dec i s ion procedures for a given 
inventory p o l i c y , ( 2 ) the study o f the s e n s i t i v i t y o f t o t a l re levant 
c o s t , and ( 3 ) the choosing o f the bes t p o l i c y from among the four se­
l e c t e d p o l i c i e s . 
The development o f dec i s ion procedures in th i s chapter assumes 
that the measures o f e f fec t iveness determined ana ly t i ca l l y in Chapter 
VII have been computed fo r pa r t i cu la r cases . These computations would 
be completed for a wide range o f values for the con t ro l l ed var iab les , 
given s p e c i f i c demand d i s t r ibu t ions and replenishment lead time d i s t r i ­
bu t ions . These computations would be performed in two se r i e s , according 
to the p rov i s ion for dealing with unsa t i s f ied demand. Figures 23 
through 35 represent conceptual re la t ionsh ips o f var iab les and are sug­
ges t ive o f the types o f curves that would be useful in a p r a c t i c a l s i t ­
uat ion. The numbers on these curves indica te the d i r ec t ion in which a 
th i rd var iable increases . 
Figures 23 , 24, and 25 are suggestive o f the charts appropriate 
fo r the study o f the f ixed cyc l e inventory p o l i c y . In Figure 23 (page 
200), P ( L ) , E ( L ) , and E ( T ) would be drawn for relevant values o f S and 
N. Figure 24 (page 200) and Figure 25 (page 200) would.be drawn', in a 





Fig. 2 3 o Suggestive Relationship of 
P{L) , E (L) , and E(T) to S for Values 
of N for the Fixed Cycle Inventory 
Policy 
E(I ) 
Fig. 2 4 o Suggestive Relationship 
of E(I ) to S for Values of N for 
the Fixed Cycle Inventory Policy 
Fig. 2 5 . Suggestive Relationship of 
E(R) tb S for Values of N for the 
Fixed Cycle Inventory Policy 
Fig. 26 . Suggestive Relationship 
of P (L} , E (L) , and E(T) to S for 
Values of s with N specif ied for 
the ( s ,S) Inventory Policy 
201 
Figures 26, 27, and 28 are suggestive o f the charts appropriate 
fo r the study o f the ( s , S ) inventory p o l i c y . In Figure 26 (page 200), 
P { L J , E ( L ) , and E ( T ) would he drawn for relevant values o f s and S. 
Since Figure 26 (page 200) would he drawn for a s p e c i f i c value o f N, 
addi t iona l charts similar t o Figure 26 would he necessary fo r obtaining 
these measures o f e f fec t iveness corresponding t o other relevant values 
o f N. Figure 27 (page 202) and Figure 28 (page 202) would be drawn in 
a manner s imilar to Figure 26 for E ( l ) and E ( R ) , r e s p e c t i v e l y . 
Figures 29, 30, 31 > and 32 are suggestive o f the charts appropriate 
fo r the study o f the var iab le c y c l e inventory p o l i c y . In Figure 29 
(page 202), P { L } , E ( L ) , and E ( T ) would be drawn fo r relevant values o f 
RP and S. Figure 30 (page 202), Figure 31 (page 203), and Figure 32 
(page 203) would be drawn in a manner s imilar to Figure 29 for E ( l ) , 
E ( R ) , and E(ft), r e s p e c t i v e l y . 
Figures 33> 34, 35* and 36" are suggestive o f the charts appro­
pr ia te fo r the study o f the combination inventory p o l i c y . In Figure 33 
(page 2 ° 3 ) , P { L J , E ( L ) , and E ( T ) would be drawn for s p e c i f i c values o f 
RP and S. Since Figure 33 i s fo r a s p e c i f i c value o f N and A, addi t ional 
charts s imilar t o Figure 33 would be necessary fo r obtaining these meas­
ures o f e f fec t iveness corresponding to other relevant values o f N and A. 
Figure 34 (page 203) and Figure 35 (page 20k) would be drawn in a manner 
s imilar t o Figure 33 for E ( l ) and E ( R ) , r e spec t i ve ly . In Figure 36 
(page 204), E ( R ' ) would be drawn fo r relevant values o f S -RP and A. 
Throughout the development o f the dec i s ion procedures in th i s 
chapter, the fol lowing spec ia l notat ion w i l l be used: 
p . A s p e c i f i c value o f the i^*1 dec i s ion va r iab le . 
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E(I) E(R) 
Fig . 27 . Suggestive Relationship 
of E(I ) to S for Values of s with 
N Specif ied for the ( s ,S ) Inventory 
Policy 
Fig. 28 . Suggestive Relationship of 
E(R) to S for Values of s with N 





Fig . 29 . Suggestive Relationship 
of P{L), E (L) , and E(T) to S for 
Values of RP for the Variable Cycle 
Inventory Policy 
Fig. 30 . Suggestive Relationship of 
E(I) to S for Values of RP for the 
Variable Cycle Inventory Policy 
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E(R') 
Fig. 3 1 . Suggestive Relationship of 
E(R') to S for Values of RP for the 
Variable Cycle Inventory Policy 
Fig. 32 . Suggestive Relationship of 
E(ft) to S for Values of RP for the 




Fig. 33 . Suggestive Relationship of 
P{L) , E(L) , and E(T) to S for Values 
of RP with N and A Specified for 
the Combination Inventory Policy 
E(I ) 
Fig. 34 . Suggestive Relationship of 
E(I ) to S for Values of RP with N and 
A Specified for the Combination 
Inventory Policy 
E(R) 
Fig. 35. Suggestive Relationship 
of E(R) to S for Values of RP 
with N and A Specified for the 
Combination Inventory Policy 
E(R') 
S-RP 
Fig. 36. Suggestive Relationship < 
E(R*) to S-RP for Values of A for 
the Combination Inventory Policy 
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A spec i f i ed value o f the i**1 dec i s ion var iab le , inde­
pendent o f the dec is ion procedure. 
The value of the i^*1 dec i s ion var iable and the j ^ * 1 de­
c i s i o n var iable such that the desired p robab i l i t y o f 
a shortage i s most nearly obtained. 
The optimal value o f the i^*1 dec i s ion va r i ab l e . 
Decision var iable subscript , P^=S, N, s, RP, A. 
A to le ra ted p robab i l i t y o f a shortage. 
Inventory p o l i c y subscr ipt , 05=1 implies the f ixed c y c l e 
inventory p o l i c y , Gfc=2 implies the ( s , S ) inventory p o l i c y , 
0J=3 implies the var iable c y c l e inventory p o l i c y , and 
0J=4 implies the combination inventory p o l i c y . 
Index for measure o f e f f ec t iveness , B = L, T, I , R, R' . 
Expected t o t a l relevant cos t for a^*1 inventory p o l i c y 
for dec i s ion var iables p^ , p^ , . . . • 
)} P robab i l i ty o f a shortage for the ct^1 inventory p o l i c y 
for the dec i s ion var iables p^ , p^ , . . . . 
Expected value o f the B^*1 measure o f e f fec t iveness for 




The i th cos t parameter. c . 
1 
The i th d i s t r ibu t ion parameter. 1 
Inventory Costs 
The o b j e c t i v e o f th i s sec t ion i s to l i s t and define cos t s r e l e ­
vant t o inventory dec i s ion procedures. These inventory cos t s include 
shortage c o s t , inventory carrying c o s t , ordering c o s t , and survei l lance 
c o s t . I t w i l l be assumed that the material co s t o f the item i s constant . 
Moreover, i t w i l l be assumed that these relevant inventory cos t s are in­
dependent o f the passage o f time. 
Shortage Cost 
The c o s t o f a shortage i s a l o s s , both present and future, a s soc i ­
ated with the f a i lu re to sa t i s fy demand immediately. In the present 
study, the t o t a l co s t o f shortages i s considered to be propor t iona l to 
e i ther ( l ) the number o f shortages or (2) the product o f the number o f 
shortages and the duration o f the shortages. That i s , 
where C = t o t a l co s t o f shortages, Li 
c = cos t o f one shortage without regard to duration of shortage, I 
c ^ = cos t o f one shortage for one time per iod, 
L = number o f shortages random var iab le , and 
T = product o f shortages and duration random var iable ( i n t ens i t y 
C L = o L ( l ) , (1 ) 
or 
(2) 
of shor tages) . 
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I t i s i m p l i c i t in expressions ( l ) and ( 2 ) that the t o t a l cos t o f short­
ages i s l inear e i ther with L or T. Though not necessar i ly appl icable 
t o a l l p r a c t i c a l s i tua t ions , such an assumption w i l l he used throughout 
th i s development. 
Carrying Cost 
The carrying cos t i s the consumption of resources associa ted 
with having items in s tock . This cos t usually includes l o s t i n t e res t 
on a l te rna t ive investment oppor tuni t ies , l o s se s a t t r ibutable to o b s o l e s ­
cense, de te r io ra t ion , spoi lage , taxes, insurance, and the cos t o f storage 
f a c i l i t i e s . In the present study the t o t a l carrying cos t i s considered 
to be propor t iona l to the number o f items in "stock. That i s , 
C I = c I ( l ) , (3) 
where C .̂ = t o t a l carrying c o s t , 
C j = cos t o f carrying one item for one c y c l e , and 
I = number o f items in ' . s tock random var iab le . 
I t i s i m p l i c i t in expression (3) that the t o t a l carrying cos t i s l inear 
with I . Though not necessa r i ly appl icable t o a l l p r a c t i c a l s i tua t ions , 
such an assumption w i l l be used throughout t h i s development. 
Ordering Cost 
The c o s t o f ordering i s the consumption o f resources associa ted 
with p lac ing replenishment orders . This study recognizes that the 
ordering cos t s for routine replenishment orders (p laced at f ixed in ter­
v a l s ) are not necessar i ly i den t i ca l with the ordering cos t s for spec ia l 
replenishment orders (p laced at var iable i n t e r v a l s ) . In the present 
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study, the t o t a l ordering c o s t , for e i ther routine orders or spec ia l 
orders , i s considered to be proport ional to the number o f replenishment 
orders placed. That i s , 
C R = c R ( R ) , (4) 
and 
C R 1 = c R , ( R ' ) , . (5) 
where C_, = t o t a l routine ordering cos t , 
R 
CL, = t o t a l spec ia l ordering c o s t , 
c-. = cos t o f one routine order, 
c , = cos t o f one spec ia l order, R 
R = number o f routine orders per cyc l e random var iab le , and 
R' = number o f spec ia l orders per c y c l e random var iab le . 
I t i s i m p l i c i t in expressions [k) and ( 5 ) that the t o t a l routine and 
spec i a l ordering c o s t i s l inear with R and R ' , r e spec t i ve ly . Though 
not necessa r i ly appl icable to a l l p r a c t i c a l s i tua t ions , such an assump­
t ion w i l l be used throughout th is development. 
Surveil lance Cost 
The survei l lance cos t i s the consumption o f resources associa ted 
with the monitoring o f the s tock l e v e l . For the f ixed cyc le inventory 
p o l i c y and the ( s , S ) inventory p o l i c y , the s tock l e v e l i s monitored 
at the beginning o f each c y c l e . For the var iable cyc le inventory 
p o l i c y and the combination inventory p o l i c y , the s tock l e v e l i s 
usually monitored several times each c y c l e ; the t o t a l survei l lance 
cos t per order cyc le i s considered to be proport ional to the number 
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o f periods in which a replenishment order may be placed. '.That, i s j 
fo r the var iable cyc le inventory p o l i c y , 
where C = t o t a l survei l lance cos t per order c y c l e , 
o 
C g = survei l lance cos t fo r one per iod , 
P- = length o f c y c l e random var iab le , and 
A - l = per iods in which wi th in- the-cyc le replenishment orders 
can be p laced. 
I t i s reasonable t o assume that the t o t a l survei l lance c o s t i s l inear 
with the number o f per iods in which an order may be placed. 
Total Relevant Inventory Costs 
Of a l l inventory c o s t s , the cos t o f a shortage i s usually the 
most d i f f i c u l t t o obtain. I f the cos t o f a shortage i s known and i s 
propor t iona l to the number o f shortages, the equations fo r the t o t a l 
relevant cos t per per iod fo r each o f the inventory p o l i c i e s are summa­
r i zed as f o l l o w s : 
Fixed cyc le inventory p o l i c y and the ( s , S ) inventory p o l i c y . - - T h e t o t a l 
relevant co s t per per iod random var iab le , C, i s 
Cg = c s ( i i ) ; (6) 
and for the combination inventory p o l i c y , 
C g = c g ( A - l ) . (7) 
C = ^ [ c L ( L ) + cz(l) + c R ( R ) . + c g J . (8) 
210 
Variable c y c l e inventory pol icy .—The t o t a l relevant cos t per per iod 
random var iab le , C, i s 
C - £ t c L ( L ) + 0 l ( i ) + c R , ( R ' ) + o s ( a ) ] . ( 9 ) 
Combination inventory po l icy .—The t o t a l relevant cos t per per iod ran­
dom var iab le c o s t , C, i s 
C = | [ c L ( L ) + C l ( l ) + c R ( R ) + c R f ( R ' ) + c g ( A - l ) ] . ( 1 0 ) 
I f the cos t o f shortages i s propor t ional to the product o f the 
shortages and the duration o f the shortages, the terms c and L in 
Li 
expressions (8)> ( 9 ) , and ( 1 0 ) are replaced by c^ and T, r e s p e c t i v e l y . 
The relevant inventory costs have been l i s t e d and defined in th i s 
s ec t ion . These inventory cos t s w i l l be required in the fo l lowing 
sec t ion in the development o f procedures fo r the s e l e c t i o n o f values o f 
the dec i s ion va r i ab le s . 
Procedures for the Se lec t ion o f Optimal Values 
o f Decision Variables 
The o b j e c t i v e o f t h i s sec t ion i s t o develop procedures for the 
s e l e c t i o n o f optimal values o f the dec i s ion var iables for each o f the 
The subject o f t h i s footnote i s with the exis tence o f optimal 
values o f the dec i s ion va r i ab le s . For p r a c t i c a l reasons, there i s an 
upper bound and a lower bound on both the order l e v e l , S, and the number 
o f pe r iods , N, in the order c y c l e . Some o f the inventory p o l i c i e s have 
dec i s ion var iables in addi t ion to S and N. However, fo r a l l o f the in­
ventory p o l i c i e s , e i ther S or If i s an upper bound for these other dec i s ion 
va r i ab le s . Also , the lower bound for a l l dec i s ion var iables i s equal 
to or greater than zero . Hence, the set o f pos s ib l e optimal values i s 
bounded fo r a l l inventory p o l i c i e s . Therefore, a minimum ex i s t s and the 
corresponding values o f the decision, var iables a l so ex i s t and are o p t i ­
mal. The order l e v e l , S, may be bounded for such reasons as space 
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inventory p o l i c i e s studied. The inventory cos t s defined in th i s chapter 
and the measures o f e f fec t iveness determined in Chapter VII w i l l he used 
in th i s development. 
The assumptions under which the four inventory p o l i c i e s were 
studied do not permit the optimal values o f the dec i s ion var iab les 
to be developed readily, as a c losed mathematical expression. Also , 
there i s l i t t l e knowledge r e l a t i v e to the cha rac t e r i s t i c s o f t o t a l r e l e ­
vant co s t as a function o f the dec i s ion va r i ab le s . I t i s p o s s i b l e that 
mult iple l o c a l minima occur . Consequently, only general procedures w i l l 
be developed. 
Procedures fo r the s e l e c t i o n o f dec i s ion var iab les w i l l be developed 
fo r each o f the four p o l i c i e s under condi t ions in which ( l ) one or more 
o f the dec i s ion var iab les are spec i f i ed by considerat ions external t o 
the mathematical model, ( 2 ) a l l o f the dec i s ion var iab les are t o be 
j o i n t l y s p e c i f i e d , and ( 3 ) the cos t o f a shortage i s not known, but a 
to l e ra t ed p robab i l i t y o f a shortage i s s p e c i f i e d . 
Fixed Cycle Inventory P o l i c y 
The expected t o t a l relevant co s t per per iod , E^C, fo r the f ixed 
c y c l e p o l i c y i s obtained by taking the expected value o f expression ( 8 ) 
as 
a v a i l a b i l i t y r e s t r i c t i o n s upon the storage o f large quanti t ies o f items 
and f inanc ia l r e s t r i c t i o n s upon large cap i t a l ou t lays . The number o f 
pe r iods , N, in the order c y c l e may be bounded fo r such reasons as large 
values o f N require large values o f S or excess ive shortages w i l l occur . 
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E 1 C " i [ C L E 1 L + ° I E 1 I + ° R E 1 H + C S ] • ( 1 1 > 
For any values o f the parameters, say S and N, the expected t o t a l r e l e ­
vant cos t per per iod i s denoted as 
EjCtSjN) = i [ c ^ ^ N ) + C j E I (S,N) + c R E 1 R ( S , N ) . + c g ] . (l2) 
I f the cos t o f a shortage i s not known and i f a t o l e ra t ed proba­
b i l i t y o f a shortage, e , i s spec i f i ed , the expected t o t a l re levant co s t 
per per iod i s denoted as 
E jCd jNle ) = | [ c I E 1 l ( S , N | € ) . + c ^ l t f S, N | e ) , + C | g ] . (l3) 
Se lec t ion o f order l e v e l , S, fo r a given number o f pe r iods , N 1.—The 
optimal value for the order l e v e l , S, given the number o f pe r iods , N 1 , 
between the placement o f successive replenishment orders can be deter­
mined from the fo l lowing procedure: 
Choose S^, such that E ^ S „ H ' ) = min{E G(S,N' ) } . (l4) 
S 
Reference Figures 23, 24, and 25 (page 200). 
Joint s e l e c t i o n o f order l e v e l , S, and number o f pe r iods , N.—The optimal 
values fo r the order l e v e l , S, and the number o f pe r iods , N, between the 
placement o f success ive replenishment orders can be determined from the 
fo l lowing procedure: 
1 . Choose S^ such that 
EXC( S N , N) = min{E 1 C(S,N)) (15) 
for admissible values o f N. Reference Figures 23, 24, and 25. (page 200). 
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2. Choose (S,N) such that 
E_C(S,N) = m i n { E . C ( S ^ , N ) ) . (16) 
Reference Figures 23, 2k, and 25 (page 200). 
Se lec t ion o f order l e v e l , S, fo r a given number o f pe r iods , If', and a 
to l e ra t ed p robab i l i t y o f a shortage, e.--The optimal value for the order 
l e v e l , S, given the number o f per iods , N 1 , between the placement o f 
success ive replenishment orders and the to le ra ted p robab i l i t y o f a short­
ages, e, can be determined from the fo l lowing procedure: 
Choose S such that 
Reference Figure 23 I page 200). 
Joint s e l e c t i o n o f order l e v e l , S, and number o f pe r iods , N, given a 
to l e ra t ed p robab i l i t y o f a shortage, e.--The optimal values for the order 
l e v e l , S, and the number o f per iods , N, between successive replenishment 
orders , given the to le ra ted p robab i l i t y o f a shortage, e , can be determined 
from the fo l lowing procedure: 
P { L C S , N ! ) } = e . (17) 
1. Choose (S,N) such that 
P{L(S,N)} = e (18) 
fo r a l l admissible pai rs o f ( S , N ) . Reference Figure 23 (page 200). 
2. Choose S, N such that 




The symbol = i s used to denote approximately equal. 
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The ( s , S ) Inventory P o l i c y 
The expected t o t a l relevant cos t per per iod , E^C, for the ( s , S ) 
inventory p o l i c y i s obtained by taking the expected value o f expression 
(8) as 
E 2 C = I C c L E 2 L + ° I E 2 I + C R E 2 R : + C S 3 - ( 2 0 ) 
For any values o f the parameters; say S, s, and N; the expected t o t a l 
relevant c o s t i s denoted as 
E 2 C(S,s ,N) = | [ c L E 2 L ( S , s , N ) + C r E 2 l ( S , s , N ) + c R E 2 R( S, S, N ) + c g ] . . 
(21) 
I f the cos t o f a shortage i s not known and i f a to le ra ted probar-
b i l i t y o f a shortage i s spec i f i ed , the expected t o t a l relevant co s t 
per per iod i s denoted as 
E 2 C ( S , i , N | e ) = ^ t c ^ l C S j i j N l e ) + c R E 2 R( S, s > | e )+. c g ] . (22) 
Se lec t ion o f order l e v e l s , S and s, fo r a given number o f per iods , N1 . - -
The optimal values for the order l e v e l s , S and s, given the number o f 
per iods , W, between the placement o f success ive replenishment orders 
can be determined from the fo l lowing procedure: 
1 . Choose S __, such that 
s, N' 
E 2 C ( \ N " } ' = m s n { E 2 C ( S ' } } ( 2 5 ) 
for a l l admissible values o f s. Reference Figures 26, 27, and 28. 
2. Choose v S ^ , , s N , ) such that 
E C(S ,8 , , N « ) = m i n { E 2 C ( S s s , N ' ) } . (24) 
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Reference Figures 26, 27, and 28 (pages 200 and 202). 
Joint s e l e c t i o n o f order l e v e l s , S and s, and the number o f periods^ N. 
The optimal values for the order l e v e l s , S and s, and the number o f 
per iods , N, between the placement o f successive replenishment orders 
can be determined from the fo l lowing procedure: 
1 . Choose S such that s, N 
E 2 C ( S ^ N , s , N ) = min{E 2 C(S,s ,N)} (25) 
for a l l admissible pairs o f ( s , N ) . Reference Figures 26, 27, and 28. 
2. Choose ( S j j , s^) such that 
for a l l admissible values o f N. Reference Figures 26, 27, and 28. 
rv/ c\j /-v/ 
3. Choose (S , s,N) such that 
E 2 C(S,s ,N) = min{E 2 C(S N , s N ,N) J . (27) 
Reference Figures 26, 27, and 28 (pages 200 and 202). 
Se lec t ion o f order l e v e l s , S and s, for a given number o f per iods , H', 
and a to le ra ted p robab i l i t y o f a shortage, e .—The optimal values fo r 
the order l e v e l s , S and s, given the number o f per iods , W , between the 
placement o f successive replenishment orders and the to le ra ted proba­
b i l i t y o f a shortage, e , can be determined from the fo l lowing procedure: 
1 . Choose (S , , S j j , ) such that 
P { L ( S N t , s N , ) } ~ e (28) 
fo r a l l admissible pairs o f ( s , S ) . Reference Figure 26 (page 200). 
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2 . Choose •( S , , Sjj, ) such that 
E 2 C ( S N f , s N . , N ' | € ) « m l n { E g C ^ , , i ^ N ' |e ) } . ( 2 9 ) 
( S , s ) 
Reference Figures 26 , 27, and 28 , (pages 200 and 2 0 2 ) . 
Selec t ion o f order l e v e l s , S and s, and number o f per iods , N, given a 
to le ra ted p robab i l i t y o f a shortage, e .--The optimal values fo r the 
order l e v e l s , S and s, and the number o f per iods , N, between success ive 
replenishment orders , given the to le ra ted p robab i l i t y o f a shortage, e , 
can be determined from the fo l lowing procedure: 
1. Choose (S , s^) such that 
P{L(S,s ,W)} = e ( 3 0 ) 
fo r a l l admissible pai rs o f ( s , S ) and fo r a l l admissible values o f N. 
2 . Choose ( S^, s^) such that 
E 2 C(S,s,W) = min {E 2C( S n , s ^ N)) ( 3 1 ) 
( s >s) 
fo r a l l admissible values o f N. Reference Figures 26, 27 , and 28 . 
. *\J *\j *\j 
3 . Choose ( S , s,N) such that 
E 2 C(S,s ,N) = m i n { E 2 C ( S N , s N , N ) } . ( 3 2 ) 
Reference Figures 26 , 27 , and 28 (pages 200 and 2 0 2 ) . 
Variable Cycle Inventory Po l i cy 
The expected t o t a l relevant cos t per per iod E^C, fo r the var iable 
cyc l e inventory p o l i c y , i s obtained by taking the expected value o f 
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expression ( 9 ) as 
E 3 C = E^5 L°L E3 L + C I E 3 I + ° R ' E 3 R ' + °S E 3" 
For any values o f the parameters, say S and RP, the expected t o t a l r e l e ­
vant cos t per per iod i s denoted as 
1 
E 3 C ( s ' R P ) = E5n(.s,i*p) 
c T E x L(S,RP) + c T E-.l(S,RP) + a D l E-.R I (S,RP) 
+ c g E 3 a(s,Rp) ( 3 4 ) 
When the cos t o f a shortage i s not known and a to le ra ted proba­
b i l i t y o f a shortage i s spec i f i ed , the expected t o t a l relevant cos t 




E^H( S, RP |c ) 
C l E 3 l ( S , R P | € ) + c R t E 5 R ' ( S , R P | e ) ( 3 5 ) 
+ c QE xO(S,RP|€ ) 
Se lec t ion o f order l e v e l ; S, and reorder point , RP.--The optimal values 
for the order l e v e l , S, and the reorder point , RP, can be determined by 
the fol lowing procedure: 
1. Choose S-,- such that 
E C(S ,RP) = min [EC(S,RP)} 
^ S ^ 
( 3 6 ) 
fo r a l l admissible values o f RP. Reference Figures 29, 30, 31, and 32 
(pages 202 and 2 0 3 ) . 
2 . Choose (S,RP) such that 
E 5C(S,RP) = min [E^C( S R p , R P ) } . 
Reference Figures 29, 30, 31 , and 32 (pages 202 and 2 0 3 ) . 
(37) 
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Selec t ion o f order l e v e l , S, and reorder poin t , RP, given a to l e ra t ed 
p robab i l i t y o f a shortage, e . - -The optimal values for the order l e v e l , 
S, and the reorder po in t , RP, given the to le ra ted p r o b a b i l i t y o f a 
shortage, e , can be determined from the fo l lowing procedure: 
1. Choose (S,RP) such that 
P 3 { L ( S , R P ) } = g ( 3 8 ) 
for a l l admissible pa i rs o f (RP ,S) . Reference Figure 29 (page 2 0 2 ) . 
2 . Choose (S,RP) such that 
E x C(S,RP|e) = min {E xc(S,RP | e ) } . (39) 
3 (RP,S) 3 
Reference Figures 29, 30, 31 , and 32 (pages 202 and 203.). 
Combination Inventory Po l i cy 
The expected t o t a l relevant cos t per per iod , E^C, for the combi­
nation inventory p o l i c y , i s obtained by taking the expected value o f 
expression ( l O ) as 
\ ° = I [ C A L + ° l V + ° R E 4 R + C R« E4 R' + C S ( A - 1 ) ] ' 
For any o f the values o f the parameters; say S, N, RP, and A; the ex­
pected t o t a l relevant cos t per per iod i s denoted as 
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E 4C(S,N,RF,A) = ± [c LE^L(S,N,RP,A) + C - ^ l t S,N,RP,A) ( 4 l ) 
+ c RE^R(S,N,RP,A) + c R I E^R' (S ,N,RP,A) 
+ c s ( A - l ) ] . 
When the cos t o f a shortage i s not known and a to le ra ted proba­
b i l i t y o f a shortage i s s p e c i f i e d , the expected t o t a l relevant c o s t i s 
denoted as 
E^C(S,KP,N,A|e) = | [ C l E^l (S ,RP ,N ,A |€ ) + c R E^R(S,RP,N,A|€) ( 4 2 ) 
+ c^E^R'CSjKPjNjAle) + c g ( A - l ) ] . 
Joint s e l e c t i o n o f order l e v e l , S, reorder po in t , RP, given spec ia l 
ordering during f i r s t A' per iods , and the number o f per iods , N ' . - -
The optimal values fo r the order l e v e l , S, and the reorder po in t , RP, 
given the number o f per iods for spec ia l ordering, A ' , and the number 
o f per iods in the order c y c l e , N' , can be determined by the fo l lowing 
procedure: 
1. Choose S such that 
-CUT , A , l\l 
E ^ [ c ( S R p A , N , R P , A ' , N ' ) ] = minCE, [c( S,RP, A ' , N ' ) ] ) ( 4 } ) 
fo r a l l admissible values o f RP. Reference Figures 33> 34, 35> and 36 . 
2 . Choose (S^ , ^^RP^ , ^ ) such that 
E 4 [ C ( S A I ^ , , R P A S N I ) ] - m l n C E ^ t C ^ ^ ^ ^ R P ^ , ^ ) ] . 
(44 ) 
Reference Figures 33, 34, 35, and 36, (pages 203 and 2 0 4 ) . 
220 
Joint selection of order level, S, reorder point, RP, and for special 
ordering during first A periods, given the number of periods, N'.--The 
optimal values for the order level, S, the reorder point, RP, and the 
number of periods A for special ordering, given the number of periods, 
N 1, will be determined from the following procedure: 
1. Choose S„_ . ._T, such that 
RP, A, N ! 
E 4 C ( ^ P , A , N ' ' R P ' A ' N ' } = m^n V ( S ' R P ' A ' N ' ) 
for all admissible paris of (RP,A) for a given N'. Reference Figures 
33, 3^, 35, and 36 (pages 203 and 2 0 4 ) . 
2 . Choose (S. „.,RPA „. ) such that 
A, N' A, N ! ' 
V ( I A , N - R \ N " A ' N , ) = M F IN{ E ^ ( i R P J A ) N , ) RP,A ) N' ) ) 
(1*6) 
for all admissible values of A. Reference Figures 33, 3*S 35, and 36 
(pages 203 and 204). 
f^t t~sa 
3 . Choose (S ,,RP ^A^, ) such that 
E 4C(S N I,RP N,,A N,,N') = min[E 4C(S A N,,RP A R , A , N ' ) ) . 
A ' ' ( 4 7 ) 
Reference Figures 33, 34, 35, and 36 (pages 203 and 2 0 4 ) . 
Joint selection of order level, S, reorder point, RP, the number of 
periods, N, and for special ordering during first A periods.--The opti-
mal values for the order level, S, the reorder point, RP, the number 
of periods, N, and the number of periods, A, in which a special order 
may be placed, can be determined from the following procedure: 
1. Choose S__ __ . such that N, RP, A 
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\C( S A , N, RP, A) = min E^C( S, N, RP, A) ( 48) 
fo r a l l admissible t r i p l e t s o f N, RP, and A. 
2 . Choose (Spp A , N A ) such that 
for a l l admissible pai rs o f RP and A. Reference Figures 33> 34, 35 > and 36, 
3 . Choose ( S A , N A, RP A) such that 
\ C ( S A , H A , H P A , A ) = m i n { E ^ ( S R P j A , H R ^ A , R P , A ) ) ( 5 0 ) 
for a l l admissible values o f A. Reference Figures 33> 34, 35> and 36 . 
4 . Choose (S,N,KP,A) such that 
E 4C(S,N,RP,A) = m i n { E ^ C ( S A , 5 A , R P A , A ) } . ( 5 1 ) 
Reference Figures 33; 34, 35> and 36 (pages 203 and 2 0 4 ) . 
Joint s e l e c t i o n o f order l e v e l , S, and reorder po in t , RP, given spec ia l 
ordering during f i r s t A' per iods , the number o f pe r iods , N'^ and given 
a to l e ra t ed p robab i l i t y o f a shortage, e.--The optimal values for the 
order l e v e l , S, and the reorder po in t , RP, given the number o f per iods 
fo r spec ia l ordering, A ' , the number o f per iods in the order c y c l e , N 1 , 
and the to le ra ted p robab i l i t y o f a shortage, e , can be determined from 
the fo l lowing procedure: 
1. Choose ( S A , ^ , ,RP A , ^ , ) such that 
V L ; S A ' , N ' ' 5 f : A ' , N ' > A ' < N ' ) 4 £ ( 5 2 ) 
fo r a l l admissible pairs o f (S ,RP) . Reference Figure 33* 
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2 . Choose ( S A , ^ T , ,RP A , __, ) such that A ' , N'' A' ,N' ' 
( 5 3 ) 
Reference Figures 33, 34, 35, and 36 (pages 203 and. 204) . 
Joint s e l e c t i o n o f order l e v e l , S, reorder po in t , RP, and for spec i a l 
ordering during f i r s t A per iods , given the number o f pe r iods , W , and 
given a to l e ra t ed p robab i l i t y o f a shortage, e .—The optimal values for 
the order l e v e l , S, the reorder po in t , RP, and the number o f per iods A 
for spec i a l ordering, given the number o f per iods , N', and the to le ra ted 
p r o b a b i l i t y o f a shortage,e , can be determined from the fo l lowing pro­
cedure °. 
1. Choose ( S . „ , , R P . ._, ) such that 
A,N'' A, N' 
for a l l admissible pai rs o f (S,RP) fo r each admissible value o f A. 
Reference Figure 33 (page 2 0 3 ) . 
2 . Choose ( S ^ N , , R P ^ ^ r ) such that 
y ( \ H „ i f r A > ] ( , , A , I | . | e ) . 
for admissible values o f A. Reference Figures 33> 35> and 36 . 
~ ~ 
3 . Choose ( S ,RPjj., Ajj, ) such that 
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E 4 C ( S N l , R P N l , A w , , N ' | e ) = min E^C ( r ,RP^ ^ , A, N* | e ) . ( 5 6 ) 
Reference Figures 33, 34, 35, and 36 (pages 203 and 204) . 
Joint s e l e c t i o n o f order l e v e l , S, reorder poin t , RP, the number o f 
per iods , N, and for spec ia l ordering during f i r s t A per iods , given a 
to le ra ted p robab i l i t y o f a shortage, e .--The optimal values fo r the 
f\i >M 
order l e v e l , S, the reorder po in t , RP, the number o f pe r iods , N, and 
the number o f pe r iods , A, in which a spec ia l order may be placed, given 
a to le ra ted p robab i l i t y o f a shortage, e, can be determined from the 
fo l lowing procedure: 
. 1 . Choose ( S . , T,RPA , T ) such that A,N' A,N 
V L ( V ' S A , r A > N ) } - £ ( 5 7 ) 
for a l l admissible pai rs o f (S,RP) fo r each admissible pa i r o f (A ,N) . 
Reference Figure 33 (page 2 0 3 ) . 
2 . Choose ( § A ̂ R ^ A s u c i l "that 
V ( \ N ' ^ A , N ' A ' H | £ ) = , | i » < V ( S A , N > R P A , N > A > N ^ 3 ^8) 
for a l l admissible pai rs o f (A ,N) . Reference Figures 33^ 3^, 35> and 36. 
3 . Choose ( S ^ K P ^ ^ ) s u c h t h a " b 
E 4 C ( S A , R P A , N A , A | e ) = m i n { E ^ C ( S A ^ N , R P A ^ , A , N | € ) } ( 5 9 ) 
fo r a l l admissible values o f A. Reference Figures 33, 34, 35, and 36 . 
4 . Choose (S,RP,N,A) such that 
E^C(S,RP,N,A|e) = min{E^C( SA,FJ>A, .e) } . ( 6 0 ) 
Reference Figures 33, 34, 35, and 36 (pages 203 and 204) . 
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Procedures for the s e l e c t i o n of optimal values o f the dec i s ion 
var iab les for each o f the inventory p o l i c i e s studied have been developed. 
This development s a t i s f i e s the f i r s t o f the secqndary o b j e c t i v e s o f th i s 
study. The fo l lowing two sect ions u t i l i z e optimal values o f the dec i s ion 
va r i ab le s . 
Procedures for the Study o f the Sens i t iv i ty o f 
Total Relevant Cost 
The o b j e c t i v e o f th i s sec t ion i s to develop procedures fo r the 
study o f the s e n s i t i v i t y o f t o t a l relevant c o s t . Rather than being 
appl icable to a s p e c i f i c inventory p o l i c y , these procedures w i l l be 
general . Procedures w i l l be developed for ( l ) the study o f the e f f e c t s 
upon t o t a l relevant cos t o f deviat ions in the values o f dec i s ion var ia ­
b l e s from optimal values and ( 2 ) the study o f the e f f e c t s upon t o t a l 
relevant cos t o f errors in the estimation o f co s t and d i s t r i bu t ion 
parameters. 
Sens i t i v i ty curves w i l l be developed as a part o f the procedure 
for the study of parameter s e n s i t i v i t y . For both ( l ) and ( 2 ) above, 
the ordinate o f the sen t iv i ty curves w i l l be the r a t i o o f the non-optimal 
t o t a l relevant cos t C, to the optimal relevant c o s t , C. For ( l ) above, 
the abscissa o f the s e n s i t i v i t y curves w i l l be the r a t i o o f non-optimal 
value o f the dec i s ion var iab le , p , t o the optimal value o f the dec i s ion 
va r iab le , p . For ( 2 ) above, the abscissa o f the s e n s i t i v i t y curves 
w i l l be e i ther the r a t i o o f the estimated value o f the i^*1 cos t parameter 
c ^ , t o the true value o f the i"kh cos t parameter, c ^, or the r a t i o o f the 
estimated value o f the i^*1 d i s t r ibu t ion parameter, to the true value 
o f the i^*1 d i s t r ibu t ion parameter, e . . 
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Throughout th i s sec t ion i t w i l l he assumed that the optimal values 
o f the dec i s ion var iables can be se lec ted by the procedures developed 
in the preceding sec t ion . 
Deviations in Values o f Decision Variables 
The t o t a l relevant cos t var ies with the values o f the dec i s ion 
va r i ab le s . A procedure w i l l be developed which w i l l y i e l d information 
regarding the p r ec i s i on required in the s e l e c t i o n o f values o f the de­
c i s i o n va r i ab l e s . 
Some inventory s i tua t ions may have inventory cos t s o f a nature 
such that minor deviat ions in values o f the dec i s ion var iab les r e su l t 
in major deviat ions in the t o t a l relevant c o s t . And conversely , some 
inventory s i tua t ions may have inventory cos t s o f a nature such that major 
deviat ions in values o f the dec i s ion var iables r e su l t in minor deviat ions 
in the t o t a l re levant c o s t . Consequently, as a r e su l t o f the in te r ­
re la t ionsh ips o f inventory c o s t s , the appl ica t ion o f procedures for the 
s e l e c t i o n o f values o f the dec i s ion var iab les w i l l not always be equally 
rewarding. In some cases , crude values o f the dec i s ion var iables may 
be s a t i s f ac to ry . Therefore, the use o f elaborate procedures for the 
s e l e c t i o n o f values o f the dec i s ion var iab les may not be j u s t i f i e d . 
In other cases , p rec i se values o f the dec i s ion var iables may be necessary. 
The procedure for developing s e n s i t i v i t y curves i s as f o l l o w s : 
1. Se lec t the dec i s ion var iable o f in te res t , p . . 
2. Choose p , . p , . . . such that E^cCp-^p^, — ) i s minimum. 
E Q ; C ( p 1 , p 2 , . . . ) w i l l be denoted as C; where a i s inventory 
p o l i c y subscr ipt . 
3- Se lec t values fo r a l l dec i s ion var iables other than p . ; 
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in the fo l lowing the are arbi t rary constants . 
That i s , P l = fc^, p i _ 1 = P i + 1 = * i + 1 P 1 + 1 , •• 
k. Compute C P i = E a C ( p ^ , p 2 , . . . ) fo r a l l relevant values o f p . 
5. P lo t Cp./c versus p./ff . fo r a l l relevant values o f p . as in 
1' 1' 1 1 
Figure 37 (page 2 2 7 ) . 
6. Repeat steps 2 through 5 for other values o f the inventory-
c o s t s . The j ^ 1 set o f the inventory cos t s i s denoted by the 
vec to r c^ ̂  = ( c . . , c _ . , . . . ) . 
Errors, in Estimation o f Cost and Dis t r ibut ion Parameters 
I f values o f the dec i s ion var iab les are determined by use o f 
estimated cos t and d i s t r ibu t ion parameters, rather than from knowledge 
o f the true values, the t o t a l relevant co s t var ies with the d i f fe rence 
between the estimated values and the true values . A procedure w i l l be 
developed which w i l l y i e l d information regarding the p r e c i s i o n required 
in the estimation o f the cos t and d i s t r ibu t ion parameters. As noted in 
the previous sec t ion , some inventory s i tua t ions may have inventory cos t s 
o f a nature such that minor deviat ions between the"estimated values and 
the true values o f the c o s t and d i s t r ibu t ion parameters resu l t in major 
devia t ions o f the t o t a l relevant c o s t , and converse ly . Consequently, 
as a resu l t o f the in te r re la t ionsh ip o f the inventory c o s t s , the appl i ­
ca t ion o f the procedures for the s e l e c t i o n o f the values o f the dec i s ion 
var iab les w i l l not always be equally rewarding. In some cases, crude 
values o f cos t and d i s t r ibu t ion parameters may be sa t i s f ac to ry ; while in 
other cases , p rec i se values o f the cos t and d i s t r ibu t ion parameters may 
be necessary. 
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Fig. 38 . Sens i t iv i ty of Total Relevant Cost to Errors in Estimation 
of Cost of Distr ibution Parameters 
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The procedure for developing the s e n s i t i v i t y curves i s as fo l lows : 
1. Select the cos t or d i s t r ibu t ion parameter o f in te res t , c^ or 
1 
2 . Select the estimated vaues o f a l l cos t or d i s t r ibu t ion parame­
ters other than c . or e . , c . = k ' c , , . . . . c . , = k! , c . .. 
l i ' 1 1 1' ' l - l l - l l - l 
c — k' - -i+1 . , _ c . , . . . i e = k"e_, . . . , ©. _ = k1. _ e. _, l + l . i + l ' ' 1 1 r ' l - l i - I i - l ' 
e ~ k i + 2 @ i + 2 J ' °°° ' T^ae • a n ( i k " • a r e arbi t rary constants 
3 . Choose p , p , . . . such that EC(p^,Pg, . . . ) i s minimum. 
EC(p^,p 2 , • . . ) w i l l be denoted as C. 
4. U t i l i z ing the estimated cos t and d i s t r ibu t ion parameters, 
compute p , p , . . . such that E [c (p^ ,p 2 , . . . ) ] i s minimum for 
a l l values o f c , or 9 , . 
1 1 
5. Compute C- or C- = E C ( p , , p 0 , . . . ) fo r a l l values o f c . or 
c i @ i 1 ^ ! 
©. • 1 
6. P lo t C_ /C versus c . / c . for a l l values o f c . , or p l o t C- / C 
c ^ ' i ' 1 1' e^' 
versus ®^/&± for a l l values o f © as in Figure 38 (page 2 2 7 ) . 
7. Repeat steps 2 through 6 for other values o f the inventory 
c o s t s . The j ^ h set o f the inventory cos t s i s denoted by the 
vec tor c^ ̂  = ( c . c_ ., . . . ) . 
- i j £y 
Procedures for the study o f the s e n s i t i v i t y o f t o t a l relevant 
cos t have been developed. This development s a t i s f i e s the second o f the 
secondary ob jec t ives o f th i s study. The study o f the s e n s i t i v i t y o f 
t o t a l relevant cos t i s po t en t i a l l y useful . 
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Procedure for Choosing the Best P o l i c y 
The fo l lowing procedure can he used for determining the "best 
inventory p o l i c y from among the four p o l i c i e s studied. I t w i l l he 
assumed that the optimal values o f the dec i s ion var iab les and the t o t a l 
relevant cos t have been se lec ted as out l ined e a r l i e r in th i s chapter. 
Choose a such that 
E ^ C p ^ p ^ . . . ) = minlE^cCp^p^ . . . ) } , ( 6 l ) 
where a= l implies the f ixed c y c l e inventory p o l i c y , 
Cfc=2 implies the ( s , S ) inventory p o l i c y , 
cc=3 implies the var iab le c y c l e inventory p o l i c y , and 
cc=k implies the combination inventory. p o l i c y . 
The development o f th i s procedure for choosing the bes t p o l i c y 
s a t i s f i e d the l a s t o f the secondary ob jec t ives o f th i s study. 
Results 
Procedures for the s e l e c t i o n o f optimal values o f dec i s ion 
var iab les fo r a given inventory p o l i c y , the study o f the s e n s i t i v i t y 
o f t o t a l relevant c o s t , and the choosing o f the bes t p o l i c y , from among 
the four se lec ted p o l i c i e s have been developed. The development o f 
these procedures s a t i s f i e s the secondary and f i na l o b j e c t i v e o f t h i s 
study. The subsequent chapter, Chapter IX, w i l l s tate conclusions ob­




CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
1. S igni f icant t h e o r e t i c a l developments relevant to the o b j e c ­
t i ve s o f th is study have been summarized in Tables 1, 2 , and 3« 
2o Expressions for s tock l e v e l p r o b a b i l i t i e s fo r the f ixed 
c y c l e inventory p o l i c y have been developed in Chapter I I I under the 
hypothesis o f back-orders allowed and the hypothesis o f back-orders not 
al lowed. 
3 . Expressions fo r s tock l e v e l p r o b a b i l i t i e s for the ( s , S ) in­
ventory p o l i c y have been developed in Chapter IV under the hypothesis 
o f back-orders allowed and the hypothesis o f back-orders not al lowed. 
4. Expressions for l eng th -o f - cyc l e p r o b a b i l i t i e s and s tock l e v e l 
p r o b a b i l i t i e s fo r the var iable c y c l e inventory p o l i c y have been developed 
in Chapter V under the hypothesis o f back-orders allowed and the hy­
pothesis o f back-orders not al lowed. 
5. Expressions for s tock l e v e l p r o b a b i l i t i e s for the combination 
inventoiy p o l i c y have been developed in Chapter VI under the hypothesis 
o f back-orders al lowed. 
6. Expressions for the measures o f e f fec t iveness have been de­
termined in Chapter VII fo r the f ixed c y c l e inventory p o l i c y , the ( s , S ) 
inventory p o l i c y , the var iable cyc l e inventory p o l i c y , and the combination 
inventory p o l i c y . These measures o f e f fec t iveness are the p robab i l i t y 
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o f one or more shortages, the expected number o f shortages, the expected 
in tens i ty o f shortages, the expected inventory, and the expected number 
o f replenishment orders . 
7. Procedures for the s e l e c t i o n o f optimal values o f dec i s ion 
var iables for a given inventory p o l i c y , the study o f the s e n s i t i v i t y o f 
t o t a l relevant c o s t , and the choosing o f the bes t p o l i c y from among the 
four se l ec t ed p o l i c i e s have been developed in Chapter V I I I . 
Recommendations 
The fo l lowing recommendations for addi t ional studies which have 
been generated during th is research are ca tegor ized in to those o f a 
p r a c t i c a l nature and in to those or a t heo re t i c a l nature: 
Recommendations o f a P rac t i ca l Nature 
1 . Studies should be undertaken to ascer ta in which t h e o r e t i c a l 
p robab i l i t y d i s t r ibu t ions are t y p i c a l o f the demand and the replenish­
ment lead time d i s t r ibu t ions which occur in p r a c t i c e . 
2o Sets o f charts should be developed from the expressions de­
termined in th i s study fo r t heo re t i c a l demand and replenishment lead 
time d i s t r i bu t i ons . 
3. Sets o f charts fo r the s e n s i t i v i t y analysis o f t o t a l r e l e ­
vant cos t should be developed u t i l i z i n g the procedures developed in 
th i s study. 
4. Approximation expressions should be developed for each of 
the p rec i se expressions developed in th i s study, along with the range 
fo r which the approximation i s reasonable. 
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Recommendations o f a Theoret ical Nature 
1. Stock l e v e l p r o b a b i l i t i e s should be developed for the combi­
nation inventory p o l i c y under the hypothesis o f back-orders not al lowed. 
2 . The p robab i l i t y o f one or more shortages should be deter­
mined for the combination inventory p o l i c y under the hypothesis o f back-
orders allowed and also under the hypothesis o f back-orders not allowed. 
3° Expressions for the inventory p o l i c i e s considered in th i s 
study should be developed without an upper bound on replenishment lead 
time,. Also , expressions for the var iable c y c l e inventory p o l i c y should 
be developed without an upper bound on demand during any given per iod . 
4. Stock l e v e l p r o b a b i l i t i e s should be developed fo r each o f the 
inventory p o l i c i e s when a f rac t ion o f the customers al low back-orders 
while the remaining customers do not al low back-orders . 
5« Stock l e v e l p r o b a b i l i t i e s should be developed for each o f the 
inventory p o l i c i e s when replenishment orders are rece ived in p a r t i a l 
shipment s. 
6. Stock l e v e l p r o b a b i l i t i e s should be developed for each o f the 
inventory p o l i c i e s when the replenishment order i s subject to a screening 
process in which de fec t ive items are removed. 
This research culminates with a conceptual framework in which 
dec i s ion procedures may be f a c i l i t a t e d . I f and when such a conceptual 
framework i s transformed to a numerical bas i s , the resu l t s of t h i s re ­
search can have engineering appl ica t ion . 
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APPEM)IX 
a ( i | A ) Condit ional s tat ionary p robab i l i t y that the beginning 
s tock l e v e l i s equal to i , given the set A. (VI ) 
a ( i | A B ) Condit ional s tat ionary p r o b a b i l i t y that the beginning 
s tock l e v e l i s equal t o i , given the set AB. (VI ) 
a ( i |AB) Condit ional s tat ionary p robab i l i t y that the beginning 
s tock l e v e l i s equal to i , given the set AB. ( V l ) 
a ( i | A B , r ) Condit ional s tat ionary p robab i l i t y that the beginning 
s tock l e v e l i s equal to i , given the set AB,r. (VI) 
a ( h ) Stationary p robab i l i t y that the s tock l e v e l p r io r to the 
demand in per iod r i s equal t o h. ( i l l , IV, V, VI, and 
VII ) 
a ( h | x ) Condit ional s ta t ionary p r o b a b i l i t y that the stock l e v e l 
p r io r to the demand in per iod r i s equal to h, given that 
the replenishment lead time i s X=x. ( i l l , IV, and VI) 
a ^ ( h ) Joint s tat ionary p robab i l i t y that the s tock l e v e l p r io r 
to the demand in per iod r i s equal to h and that the b e ­
ginning s tock l e v e l i s i , fo r s < i < S. ( IV) 
a ^ 2 ( h ) Joint s ta t ionary p robab i l i t y that the s tock l e v e l p r i o r 
to the demand in per iod r i s equal t o h and that the b e ­
ginning s tock l e v e l i s i , for i < s. ( IV) 
Glossary o f Symbols 
The symbols which are used cons i s ten t ly in several sec t ions are 
l i s t e d here. The Roman numerals in parentheses re fe r to the chapters 
in which the symbol i s used. 
a The stat ionary row vec tor which has elements, a ( i ) . 
( I l l , IV, V, and VI) 
a ( i ) Stationary p robab i l i t y that the s tock l e v e l at the b e ­
ginning o f the order c y c l e i s equal to i . ( i l l , IV, V, 
VI, and VI I ) 
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a (h|co) Conditional stationary probability that the stock level 
prior to the demand in period r is equal to h, given that 
the length of cycle is P=co. (V and VII) 
a (h|co,x) Conditional stationary probability that the stock level 
r prior to the demand in period r is equal to h, given that 
the length of cycle is ft=co and that the replenishment 
lead time is X=x. (V) 
a (h| AB, x, r) Conditional stationary probability that the stock level 
prior to the demand in period r is equal to h, given the 
set AB, given the replenishment lead time is X=x, and 
given that the carry-over replenishment order is received 
at the beginning of period r. (Vl) 
OCA) Demand during A periods random variable, (ill, IV, V, VI, 
and VII ) 
5 „ q The Kroneker delta symbol which is unity if h=S and zero 
if h / S. (III, IV, V, and VI) 
E(l) Expected inventory during ordering cycle. (VII and VIII) 
E(L) Expected number of shortages during the order cycle. 
(VII and V I I I ) 
E(&) Expected length of cycle. (V, VII, and VIII) 
E ( R ) Expected number of routine orders placed during order 
cycle, (VII and VIII) 
E(R S ) Expected number of special orders placed during order 
cycle. (VII and VIII) 
E(T) Expected intensity of shortages during the order cycle. 
(VII and VIII) 
h Index used to indicate value of stock level prior to de­
mand during a period, (ill, IV, V, VI , and V I I ) 
i Index used to indicate value of beginning stock level. 
(Ill, IV, V, VI, and VII) 
j Index used in development of the Markov transition matrix; 
corresponds to a possible value for the stock level at 
the beginning of the subsequent cycle, (ill, IV, V, and VI) 
K Upper bound for replenishment lead time. (V and VII) 
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A Number o f per iods in which a wi th in - the-cyc le replenish­
ment order may be placed. (VI and VI I ) 
m„. Element o f Markov t r ans i t ion matrix which denotes the 
1 ^ p robab i l i t y that the s tock l e v e l i s j items at the b e ­
ginning o f the subsequent c y c l e , given that the s tock 
l e v e l was i items at the beginning o f the present order 
c y c l e , ( i l l , IV, V, and VI) 
M Markov t r ans i t ion matrix which i s composed o f elements, 
m. ... ( I I I , IV, V, and VI) 
N Minimum number o f per iods between beginning c y c l e r e p l e n ­
ishment orders , ( i l l , IV, VI, VII , and V I I I ) 
co Index used for length o f c y c l e . (V and VI I ) 
ft Length-of-cycle random var i ab le . (V, VII , and V I I I ) 
P { D ( A ) = v ) P robabi l i ty that the demand during A per iods i s equal t o 
V o ( i l l , IV, V, VI, and VI I ) 
P { L ) P robabi l i ty o f one or more shortages during the order 
c y c l e . (VI I and V I I I ) 
PlX-x} Probabi l i ty that the lead time random var iab le i s equal 
to x . ( I l l , IV, V, VI, and VI I ) 
p{ft---a)} Probab i l i ty that the l e n g t h - o f - c y c l e random var iable i s 
equal to co. (v and VII ) 
r Index used for denoting a s p e c i f i c pe r iod . ( i l l , IV, V, 
VI, and VII ) 
RP Reorder point at which a replenishment order i s p laced 
at the beginning o f the f i r s t per iod in which the s tock 
l e v e l i s equal to or below th i s po in t . (V, VI, VII , 
and VI I I ) 
s Lower order l e v e l which i s used with the ( s , S ) inventory 
p o l i c y . A replenishment order i s placed i f the beginning 
s tock l e v e l i s equal to or l e s s than s. ( IV, VII , and 
V I I I ) 
S Order l e v e l which equals the sum o f s tock on hand and 
stock on order af ter the replenishment order i s p laced, 
( i l l , IV, V, VI, VII , and V I I I ) 
Index used for a s p e c i f i c value o f replenishment lead 
time, ( i l l , IV, V, VI, and VI I ) 
Replenishment lead time random var iab le , ( i l l , IV, V, 
VI, and VII ) 
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